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'"("). -!:3 ,!" X1-:3!+" -"7'-. !+ "!+"% )7&'17"+? /&% #$1:J!+)-Y-."% ,"."$%!+!"$."+ <$'"!.-6
/&7*%"+? ,"--"+ V$5ß" "'"+8177- '"-.!%%. ("$,"+ %*--; 4!"3" 3!"$C* <'-:3+!.. N;O;Z 1*8 4"!."
N[;
 !"!,!# -+.()/*01*+' 2() 3.(45(6('*+'
 !"!,!#!# $)7'(/.(&&*+' D- -&77"+ ,!" B&$% -&(!" ,!" B$"\*"+C"+ *+, <%A7!.*,"+ ,"$ <."%6
!+,*C!"$."+ 2"(")*+) ,"- ]'"$J5$A"$-? !+-'"-&+,"$" ,"$ 4")%"+." ,"$ I!$'"7-9*7" '"!% <.%"+
'"!% )"-*+,"+ D$(1:3-"+"+ "$%!.."7. ("$,"+; F*-9.C7!:3 -&77 )"J79$. ("$,"+? &' ^+."$-:3!","
C(!-:3"+ "!+"% (1:3"+ F*-.1+, *+, ,"% F*-.1+, *+."$ _1$J&-" '"-."3"+;
 !"!,!#!, -+.()/*01*+'/47.()87& *+2 9%)'(1(+/6(8/( F*$ ^+."$-*:3*+) ,"$ 1*- ,"$
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=71.3&( ". 17; `Qcea 31'"+ !% X>#64:1++"$ MQ;O # V1+CJ5$A"$-:1++"$? X1)+".&% 4Y%A3&+Y?
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-.1+, "+.+&%%"+ ("$,"+;
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 !"#$%& '( !)*+,-%,.)/%)
 !"#$%&'(&!)%*
+#)#!%",!-
./#"#$/'( #" ,01 2345 60,"(78 #" ,01 29:;5 <=#$" #" ,01 2335
 !"#$%&!'#( )&*&+
%,"% -&' .$,#/$'0&'
 $'0&' $,1 )',2# ﬁ45&'#6
 $'0&'+7/895#,-&: 3.1
;52 14.8mm <=,'>?+
2>?"5##95>? 7.5mm@
<n = 30@ )&*&%,"% -&2
A>?*&'8,"0#&2 2.1 ;52
6.0mm <=,'>?2>?"5##+
95>? 4.2mm@ <n = 4@
 $'0&' $,1 )',2# ﬁ+
45&'#6 B2 *5'- ",' -5&
)',2#$#/,"% ;&#'$>?+
#&#:  $'0&'$/895#,+
-& -,'>?2>?"5##95>?
<n = 16@ 13 ± 3mm
;&5 2#$'0&' 7#/,"%6
 $'0&'$/895#,-& -,'>?+
2>?"5##95>? <n = 16@
6 ± 2mm ;&5 2>?*$>?&'
7#/,"%6
 $'0&' $,1 CD>0&" ﬁ+
45&'#6  $'0&'$/895#,-&
0.1 ;52 4.5mm 5/ E!!'+
-5"$#&"2F2#&/ -&2 G5'+
;&90H'8&'2
)&*&%,"% 5"#&'"&' I5+
-,>5$92
E'&,J;&5": 1.7 ;J*6
2.5mm <n = 2@K L,"%&:
2.0mm <n = 1@K )$,>?+
28&5>?&9-'D2&: 2.0 ;J*6
3.5mm <n = 2@
B2 *5'- ",' -5& )',2#$#+
/,"% ;&#'$>?#&#: 2#$'0&
7#/,"%: 23 ± 4mmK
2>?*$>?& 7#/,"%:
5 ± 0.4mmK M'Hß&"+
O&'?P9#"522& -&' L,"%&:
/$46 B5"$#/,"%: .4+
)4QR 17.6 ± 1.0cm
4 9.1 ± 1.1cm 4
12.4± 1.2cmK /$46 7,2+
$#/,"% 13.8 ± 1.8cm 4
8.3±0.9cm 4 9.9±0.8cm
G5';&90H'8&' ;&*&%#
25>? 1.9mm 5" O&"#'!+
-!'2$9&' C5>?#,"%6
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/-#. B#-,# )-,.34*@,B2,+&
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!2.+#+!,+#, 8#*/#,; /!.. -, >!234$!+# /-# 67M$-12/# /#* >#8#+2,+ /#* O-*"#$.@2$# #"#,9!$$. "#-
7.5mm -, <#,1*=G/=*.!$#* L-3412,+ $-#+1; 8#,, /#* >*2.1B=*". !$. .1#-9#. )$#7#,1 !,+#,=77#,
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61#75J+#, M*= A-,21# 2,/ 8-*/ 8@4*#,/ /#* Y!*B=.# !29 'VG'W 61#75J+# M*= A-,21# #-,+#.1#$$1
PZVQ& I-#. #,1.M*-341 #-,#* [*#X2#,5 <=, 0.17 "-. 0.27E5&
 !"!#!$!- ./0'(&1*' 23& 4(* 5&)(+6,&718 \#,!2# ],1#*.2342,+#, /#* O-*"#$.@2$#,"#8#G
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8#*/#,& N=7-1 8-*/ 9J* /-# 8#-1#*#, ],1#*.2342,+#, <=, #-,#* 67M$-12/# /#* O-*"#$.@2$# <=, _&`
77 "#- #-,#* [*#X2#,5 <=, V&T`E5 aN-,2.GN348-,+2,+b !2.+#+!,+#,&
 !"!#!# 9*6(&,1:;1*' 4(& <7*4=5&8=>&+26
 !"!#!#!$ .&7'(,6(001*' \#B$@*1 8#*/#, .=$$ /-# c2!$-1@1 /#* .1!1-.34#, S=.-1-=,-#*2,+ /#*
E!,/ -7 L!27& )"#,9!$$. <=, U,1#*#..# -.1 /-# /d,!7-.34# S=.-1-=,-#*2,+; /&4& 8-# +21 #-, S*="!,/
7-1 /#* E!,/ #-,#  *!^#B1=*-# !"9!4*#, B!,,& e2$#151 .=$$ /#* I*-91 /#* E!,/ "#-7 .1!1-.34#, 2,/
/d,!7-.34#, S=.-1-=,-#*#, "#- 9#4$#,/#* <-.2#$$#* F=,1*=$$# 2,1#*.2341 8#*/#,&
 !"!#!#!# 9*6(&,1:;1*',876(&+70 1*4 ?/&'(;(*,@(+,( e2* ],1#*.2342,+ /#* I*-91G>#G
8#+2,+#, /#* E!,/ 82*/# #-,# 0-1#*!12**#34#*34# /2*34+#9J4*1; /-# #-,# L#-4# <=, 6*"#-1#, 4#*G
<=*+#"*!341 4!1&
>*=8, #1 !$& PTTQ 4!"#, /-# S*="!,/#, (n = 5) !, #-,#7  -.34 .= "#9#.1-+1; /!.. /-# N342$1#*
ﬁR-#*1 8!*& A-1 /#* E!,/ .=$$1# -, /#*  -.34#"#,# #-,# $-,#!*#  *!^#B1=*-# a'& %V
◦
2,/ T& 'TV
◦
52*
[*=,1!$#"#,#b 58-.34#, 58#- 9#.1#, S2,B1#, !"+#9!4*#, 8#*/#,& \#7#..#, 82*/# /-# 6"8#-342,+
T%
 !"#$%& '( !)*+,-%,.)/%)
 !"#$%&'(&!)%*
+#)#!%",!-
 !"#$ %& '() *++,- .%/$ %& '() *01,- 2'3"45 %& '() *61,
7%$'8/9:%/& ;<=
>"5/&/"$
?'! $/3@& 7%9%$=
5&'$A A%! B$&%!58=
3@8$9
0.44(±0.28)mmC D/58%(=
(% E"$&!"((% (n = 24))
1.02(±0.43)mmC F9!"4%
D/58%((%! E"$&!"((%G
(n = 26) </% >"5/&/=
"$5'4#%/3@8$9 #8!A%
$'3@ 2s H/$53@#/$9I%/&
9%J%55%$)
11.3 ± 0.8mm K!%/ 9%@'(&%=
$%! L!JC M/$9%! 5&!%3:%$C
D/58%((%5 M%%A4'3: 12.9 ±
0.8mmC K!%/ 9%@'(&%$%! L!JC
M/$9%! 5&!%3:%$C :%/$ D/58%(=
(%5 M%%A4'3:) 9.6 ± 1.1mmC
K!%/ 9%@'(&%$%! L!JC M/$9%!
4%89%$C D/58%((%5 M%%A4'3:)
14.5 ± 1.3mmC K!%/ 9%@'(=
&%$%! L!JC M/$9%! 4%89%$C
:%/$ D/58%((%5 M%%A4'3:) 4.0±
0.5mmC ﬁO/%!&%! L!JC M/$=
9%! 5&!%3:%$C D/58%((%5 M%%A=
4'3:) 3.6 ± 0.7mmC ﬁO/%!=
&%! L!JC M/$9%! 5&!%3:%$C
:%/$ D/58%((%5 M%%A4'3:) 4.1±
0.6mmC ﬁO/%!&%! L!JC M/$=
9%! 4%89%$C D/58%((%5 M%%A=
4'3:) 4.6 ± 0.6mmC ﬁO/%!&%!
L!JC M/$9%! 4%89%$C :%/$ D/=
58%((%5 M%%A4'3:) n = 32C
P%!583@5A'8%! 30s
7%$'8/9:%/& ;<=
Q!'R%:&"!/%
12.6 ± 1mmC ;1◦=
 %#%98$9C R% <8!3@=
9'$9 14.5 ± 1mmC
120◦= %#%98$9C R%
<8!3@9'$9
0.85 ± 1.95mmC D/58%(=
(% E"$&!"((% (n = 20)
1.68 ± 2.29mmC F9!"4%
D/58%((%! E"$&!"((%G (n =
20)
?'! $/3@& 7%9%$5&'$A A%!
B$&%!583@8$9
<!/K& L8K'AA/%!& S4%! A/%
T0 P%!583@%- 79mm
/J <8!3@53@$/&&
S4%! '((% P%!583@%)
:)L) JU9(/3@ #8!A% '859%ﬁ(&%!&C A'@%!
:%/$% L$9'4% JU9(/3@
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$!3C */,# 2!34 9#/#3I 4!3!./ JK 7-,./CB3C# 3*./+ 1#/,& LE, 4*# JK 7-,./CB3C# 9+!34#3 120s
0-, A#,8EC-3C -34 4*# F#;#C-3C#3 9=$$+#3 9G3./,=3 0- #*3#1 :#+,=3=1 4-,./C#8E/,+ ;#,4#3&
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+*=3 -3+#,  !"#$! %&'($))$! *"+,!"))$ (n = 26)  !"#$ %&'$(  !"#$%%$& '()*&(%%$ (n = 24) )$*$  $&
+,$  -($.%$&/ 20Hz01 2#$ 3! #'#!& 45"$#67%&) "%(8$ &467 2s 9#& 67"#&)/$#' )$*$  $&1 :;( $#&$
<$"$)%&) $&'=4&) $#&$( >#&#$ (n = 20) "%(8$ "#$ !5$& 8#$ ?5"$#67%&) %&'$( +&(,$&  !"#$%%$&
'()*&(%%$ %&8 %&'$(  !"#$%%$& '()*&(%%$ )$*$  $&1
2#$ 3(!54&8$& (n = 32) 5$# @46!5 $' 4=1 ABCD *%  '$& 5$# -($# 5$"$)=#67$* ?(* /%&E67 ' 8$&
:#&)$( $'"4 FG** 7$5$& 5/"1  $&H$& %&8  !*#' 84-;(  !()$&I 84  $#&$ ?&/$#)$ 4%- $#&$* J /#=K
=! H!LI 8#$ 8#$ 3! #'#!& 8$ :#&)$(  M*5!=# #$('$I *#' $#&$( N!==K?&/$#)$ ;5$($#& '#**'$1 O& $#&$*
"$#'$($& P$( %67I "%(8$& 8$( ?(* %&8 8#$ Q4&8 ﬁS#$('I  ! 84  &%( 8$( :#&)$( L! #'#!&#$(' "$(8$&
*%  '$1 :;( 8#$ 3(!54&8$&  #67'54( "4( &%( 84 J /#==! H!L1 9 *%  '$ $#&$ T$)$&H(4-' U!& $'"4
0.15N 4%-)$5(467' "$(8$&1 9#& E7&=#67$( P$( %67 "%(8$ 4%67 *#' 8$* V&'$(H#$-$( 8%(67)$-;7('1
9#& P$( %67 =4%- 84%$('$ 30s1 9 "%(8$& W$ $#& P$( %67 *#' !ﬀ$&$& ?%)$& +U# %$==$ :$$8546H0
%&8 )$ 67=!  $&$& ?%)$& )$'($&&' 8%(67 $#&$ /$7& $H;&8#)$ 34% $ 8%(67)$-;7('1 2#$ )$ﬁ='$('$
?*L=#'%8$ 8$( <$"$)%&) 8$ :#&)$( "%(8$ 4% )$"$('$'1
 !"!#!#! $%&'()*++' 2#$ 9()$5&#  $ 8$( >#'$(4'%(($67$(67$  #&8 #& Y45$==$ Z1[ /% 4**$&)$K
-4  '1
2#$ 3! #'#!&#$()$&4%#)H$#' -;( $#&$ H!& '4&'$ 3! #'#!& 8$ :#&)$( =#$)' !7&$ V&'$( ';'/%&) 5$#
$'"4 F A\CD 5# ] ** ABCD1
2#$ %&%&'$( ';'/'$ Q4&8 $#&$ ,$& 67$& 8(#-'$' L(! N$H%&8$ $'"4 G ** "$&& $#&$ Y(4W$HK
'!(#$ 45)$-47($& "$(8$&  !==I !7&$ 84  8$( 3(!54&8  $#&$ Q4&8  $7$& H4&&1 2#$ $( ^5$(=$)%&)
=#$)' /% T(%&8$I 84  $#&$ 8%(67 67&#''=#67$ V&)$&4%#)H$#' 8$( <$"$)%&) U!& FZ1\\** 5$# $#&$*
2%(67)4&)I 8$( F1B 84%$('I $&' '$7' A[[D1 V&'$( U# %$==$( _!&'(!==$ # ' 8#$ 3! #'#!& 45"$#67%&) *#'
C1G\** A\CD  $7( U#$= )$(#&)$(1 <$# $#&$(  '4'# 67$& 3! #'#!&#$(%&) !7&$ U# %$==$ _!&'(!==$ 8(#-'$'
8#$ :#&)$( L#'/$ #& ZC $'"4 F]** ABCD1
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 !"#$%& '( !)*+,-%,.)/%)
 !!"#$%&' ()*+ ,-./0#12"345. 61237.##%&' $.2 8.$"9.#:.234521%!%&')  !!) 1%3 ;<=>) 1? @."'7 ."&
A%&3737BﬀDEB$.## ."&.2 F"2!.#3G%#. :B& 3452G' :B2&.) H.!.& $./ :.&721#.& I1&$ 3"&$ $". I1&$D
345."!.& %&$ ."& ."&'.3.7@7.2 J1'. 3"457!12) K/ $B231#.& L."# "37 ."&. K&372%/.&7".2%&' @%2 M71D
!"#"3".2%&' $.2 F"2!.#9N20.2 B!.2D %&$ %&7.251#! $.3 J1'.3 @% 3.5.&) 6". M71!"#"3".2%&'3371&'.&
3"&$ /"7 O"#P. :B& :".2 8.$"9.#34521%!.& 1& $.& F"2!.#9N20.2& ﬁ-".27) !? @."'7 ."&.& F"2!.#9N20.2
"/ 721&3:.231#.& M45&"77) M.&92.457 &145 B!.& $.%7.7 $.2 &145 $B231# $.%7.&$. 82B4.33%3 30"&1#"3)
H145 #"&93 %&$ 2.4573 $.%7.7 R. ."& 82B4.33%3 4B3712"%3 %&$ &145 3452G' B!.& R. ."& 82B4.33%3
/1/"##12"3) 6".3. SB273G7@. !"#$.& @%31//.& /"7 $./ F"2!.#9N20.2T /"7 $./ 3". U!.2 $". 8.D
$"9.# :.2!%&$.& 3"&$T $.& M0"&1#91&1#) K& $.2  !!) 3"&$ "& $.& 8.$"9.#& R. ."&. M4521%!. @%2
K&372%/.&7".2%&' @% 3.5.&)
 !"!#!#!$ %&'()*+,( -.* /), 0*1)234*5+6 61 $.2  %P!1% :B& O."& ;<V> &"457 !.91&&7 "37T
W.2$.& $.33.& F.27. &"457 W."7.2 !.721457.7) SU2 $".  !345G7@%&' $.2  2!."7321%/'2Nß. W"2$ :B&
."&.2 62"P7 $.2 O1&$ :B& 8mm/s 1%3'.'1&'.&)
 !"!#! 7,3)*4+89+,( /)4 :*)6&*4
 !"!#! !; %*5()43)''+,( ,3 3B##.& $". $". S2.Y%.&@.& %&$  /0#"7%$.& $.3 O1&$D 2/DL2./B23
.2/"77.#7 W.2$.&)
 !"!#! !# 7,3)*4+89+,(4653)*25' +,/ <&*()9),4=)24) 6". Z&7.23%45%&' $.3 O1&$D 2/D
L2./B23 .2PB#'7. /"7 O"#P. ."&.2 ["7.217%22.45.245.T $". "/  !345&"77 ()<)*VT M."7. \] 1%3PU52#"45
!.3452".!.& "37)
 !"!#! ! >*()1,244) 6.2 2.#.:1&7. O1&$D 2/DL2./B2 !.ﬁ&$.7 3"45 "& ."&./ S2.Y%.&@!.2."45
:B& \D< %&$ 10−12Hz) 6".  /0#"7%$. 1/ S"&'.2 #".'7 5".2 !." 0.63mm !@W) 0.05mm "/ %&.2/UD
$.7.& S1##) 6".  /0#"7%$. 37."'7 !." ,2/U$%&'T $". S2.Y%.&@ "/ 4−HzDI1&$ 3"&97 !." 37."'.&$.2
I.#137%&'T $". "/ 12−HzDI1&$ !#."!7 9B&371&7 ;\^T =_T **=T *_*T *<\>) 6".  /0#"7%$.& 3"&$ 9#."&.2
1#3 1mm)
 !"!#! !$ %&'()*+,( -.* /), 0*1)234*5+6 6". Z&7.23%45%&' $.3 L2./B23 .2'1!T $133 $.3D
3.&  /0#"7%$. "/ .`2'#."45 @%2  7./!.W.'%&' 9."&.& &.&&.&3W.27.& ,"&ﬂ%33 1%P $". b2Nß. $.3
cB!B7.2D 2!."7321%/.3 51!.& W"2$)
 !"!#!$ ?)&6)3*2) /)4 @2*1)'AB*C)*4
 !"!#!$!; %*5()43)''+,( ,3 3B##.& $". b2Nß. ."&.3 F"2!.#9N20.23 3BW". $". $.2 8.$"9.# !.D
37"//7 W.2$.&) d%3G7@#"45 "37 $". [1'. $.2 8.$"9.#DO1%071453. :B& K&7.2.33.)
 !"!#!$!# 7,3)*4+89+,(4653)*25' +,/ <&*()9),4=)24) d%2 .`2PU'%&' 371&$ $".  2!."7
:B& AU0.2 ;]]>T $". 3"45 /"7 $.2 b.&1%"'9."7 :B& &1:"'".27 ."&'.!21457.& 8.$"9.#34521%!.& !.D
345GP7"'7) O".2 W%2$.& %/P1&'2."45. Z&7.23%45%&'.& $.2 b.B/.72". :B& F"2!.#9N20.2& %&$ "52.&
8.$"9.#& $%245'.PU527)
_<
 !"#$%& '( !)*+,-%,.)/%)
 !"!#!$! %&'()*+,,(  !" #!$%&'()$*&$ +&$ ,&"+&"-!$%&'./0'& 12%%3 435 677 !.8 &8-6 60mm
%$&!83  !" 9&+!(&' +&$ ,&"+&"-!$%&'./0'& !.8 +0$:;.:;"!88'!:; 5<==±3mm %$&!8 >??@3
A!&  !"%$!"B0"B +&$ C:;$60%&" &$DE'B8 0"8&$ &!"&= #!"(&' FE" :63 GH
◦ ± I3I◦ J0$ C6B!886'K
 %&"& +&. 968!&"8&" FE" '!"(. 0"+ FE" $&:;8. >??@ 12%%3 435 %73
 $D6;$0"B.B&=/ß ;68 60:; +&$ C!80. %&!= +E$.6'&" M0B6"B !" &8-6 +!&.& N$)ß& >4IO ??@ 12%%3
43G73
 !"!#!$!$ -./'(&0*' 12& 3(* 4&)(+5,&607  . -!$+ +6FE" 60.B&B6"B&"O +6.. +&$ E%&" B&K
"6""8& #!"(&' +&$ 9&+!(&'6:;.& J0$ C6B!886'K %&"& "0$ 0"B&D/;$ =!8 +&= 20B&"=6ß +&. P&+!&"&$.
B&8$Eﬀ&" -&$+&" (6"" 0"+ +6;&$ &!"& #!"(&'F&$.8&''0"B +&. TCP KREE$+!"68&".S.8&=. !" &8-6 +!&K
.&$ N$)ß&"E$+"0"B .!""FE'' !.83 20ß&$+&= (6"" %&! &!"&$ .E':;&" #!"(&'%&-&B'!:;(&!8 +6. N&;/0.&
.&!8'!:; F&$(!**8 0"+ +&$ P'!:( 60D +&" C!80. F&$&!"D6:;8 -&$+&"3  !"& #!"(&'F&$.8&''0"B FE" =&;$
6'. GT
◦
!" 6''&" 2:;.&" !.8 U&+E:; DV$ 96$6''&'(!"&=68!(&" "0$ .:;-&$ $&6'!.!&$%6$ ><I@3 A!&.&$ #&$8
-!$+ 6'. B&DE$+&$8& #!"(&'F&$.8&''%6$(&!8 DV$ +&" ;6"+B&;6'8&"&" WE%E8&$ B&-/;'83  $ .E'' DV$ 6''&
2:;.&" B'&!:;J&!8!B B&'8&"O +6=!8 +!& XE$*E.!8!E"!&$0"B +&. WE%E8&$. DV$ +&" P&+!&"&$ F&$&!"D6:;8
-!$+3
 !"!#!$!" 89*.:,+, M0$ P&.8!==0"B +&$ ")8!B&" N$)ß& +&. 2$%&!8.$60=&. +&. ;6"+B&;6'8&"&"
WE%E8&$. .E'' &!"& -E$.8K:6.&KP&8$6:;80"B +0$:;B&DV;$8 -&$+&" 0"+ 6''& C8)$6=*'!80+&" 6++!&$8
-&$+&"3  !"#$%&!'() !.8 ;!&$ J0"/:;.8 6'. +&$ W60= +&ﬁ"!&$8O !" +&= +&$ TCP +0$:; +&" WE%E8&$
6(8!F *E.!8!E"!&$8 -&$+&" ()""&" =0..3 A!& P&&!"ﬂ0..0"B +&$ [$!&"8!&$0"B -!$+ 0"8&" %&8$6:;8&83
A!& \%&$'&B0"B&" %6.!&$&" 60D DE'B&"+&" 2""6;=&"]
• 9$E 2$%&!8.FE$B6"B -!$+ &!"& PE;$0"B +0$:;B&DV;$8O +6;&$ -!$+ "0$ +!& ^/'D8& &!"&. #!$%&'K
()$*&$. 6'. C!80. 6"B&.&;&"3  . .E'' +6FE" 60.B&B6"B&" -&$+&"O +6.. &!" &$D6;$&"&$ _;!$0$B
=!8 +!&.&$ N&"60!B(&!8 +&" #!$%&'()$*&$ 60:; *&$(086" ﬁ"+&" (6""3
• M0 P&B!"" +&. P&6$%&!80"B.FE$B6"B&. %&ﬁ"+&8 .!:; +&$ TCP !" +&$ `!88& +&. 2$%&!8.$60=&.
+&. WE%E8&$.3
• A!& a$&=E$K!"+0J!&$8& C8)$6=*'!80+& -!$+ F&$"6:;'/..!B8 1.!&;& 43b3G347O +6 .!& ('&!"&$ 6'.
1mm !.83
• A!& XE$.:;0%B&.:;-!"+!B(&!8 '!&B8 %&! 1mm/s >5T?@3
• A!& 2=*'!80+&" +&$ C8)$B$)ß&" 6++!&$&" .!:; 1-E$.8K:6.&KP&8$6:;80"B7 !" 6''&" W60=$!:;K
80"B&"3
• A!& P&6$%&!80"B &$DE'B8 ;60*8./:;'!:; !" z−W!:;80"B +&. 2$%&!8.$60=&.O +!& "6:; 0"8&"
+&08&8c +&$ 968!&"8 '!&B8 !" P60:;'6B&3
• A!& ^60*86:;.& +&. 9&+!(&'. !.8 GH◦ J0$ C6B!886'&%&"& B&"&!B83  . -!$+ +6FE" 60.B&B6"B&"O
+6.. &!" &$D6;$&"&$ _;!$0$B +!&.& 2:;.& =!8 &8-6 ± 5T◦ 8$&ﬀ&" (6""3 dV$ +&" ;6"+B&;6'8&K
"&" WE%E8&$ -!$+ +!&.&$ X&$.8&''%&$&!:; 0"+ J0./8J'!:; +!& C86"+6$+6%-&!:;0"B FE" I3I
◦
6'.
#!"(&'F&$.8&''%6$(&!8 +&$ #&$(J&0B*'688DE$= !" 6''&" W60=6:;.& B&DE$+&$83 A!&.& -!$+ 60D
± GT◦ 60DB&$0"+&83
dV$ +&" e0&$.:;"!88 +&. 2$%&!8.$60=&. B!'8 +6""O +6.. J0$ 2=*'!80+& +&$ 28&=%&-&B0"B 1.!&;&
43b3G357O 7.5mm7 +!& N$)ß& +&$ ^6"+K2$=KA$!D8 DV$ &!"& C&(0"+& 1.!&;& 43b3G3G7O 8mm7 .E-!& +!&
^/'D8& +&$ #!$%&'()$*&$%$&!8& 1.!&;& 43b3G3<7O 30mm7 6++!&$8 -&$+&"3 M0 +!&.&$ C0==& -!$+ &!"
C!:;&$;&!8.J0.:;'6B FE" GTf 6++!&$83 CE=!8 &$B!%8 .!:; &!"& C8$&:(& FE" 55mmO +!& 6'. A0$:;=&..&$
DV$ &!"&" JS'!"+$!.:;&" 2$%&!8.$60= 6"B&"E==&" -&$+&" .E''3
dV$ +!& 20.+&;"0"B !" z−W!:;80"B (6"" 6"B&"E==&" -&$+&"O +6.. +&$ P&+!&"&$ "!:;8 +60&$"+
B&J-0"B&" -&$+&" .E''O +!& a!&D&"J0.8&''0"B +&. WE%E8&$. "6:;J0DV;$&"3 dV$ &!"&" XE$.:;0% FE"
1mm/s 0"+ &!"& 6"B&"E==&"& PE;$'E:;8!&D& FE" 50mm (6"" &. 6'. .!""FE'' 6"B&.&;&" -&$+&"O
-&"" +&$ PE;$&$ 20s '6"B 6$%&!8&" (6""O E;"& +6.. J-6"B.'/0ﬁB &!"& g6:;.8&''0"B 60D N$0"+ +&.
PE;$FE$.:;0%. &$DE'B&" =0..3 dV$ +!& .*&J!ﬁJ!&$8& XE$.:;0%.B&.:;-!"+!B(&!8 FE" 1mm/s %&+&08&8
+!&.O +6.. +&$ d$/.&$ 20mm -&!8 D6;$&" ()""&" .E''O E;"& +6.. +&$ P&+!&"&$ J0= g6:;DV;$&" 60DB&K
DE$+&$8 -&$+&" =0..3 A!& ,/"B& +&. 2$%&!8.$60=&. !" JKW!:;80"B -!$+ .E=!8 6'. C0==& FE" 20mm
0"+ +&$ E%&" B&"6""8&" C8)$6=*'!80+&" +&$ A$!D8 0"+ +&$ 28=0"B 0"+ &!"&= C!:;&$;&!8.J0.:;'6B
FE" GTf J0 43mm 6"B&"E==&"3
Gh
 !"#$%& '( !)*+,-%,.)/%)
 !!"#$%&' ()*+ ,-./01##%&' $1/ 2"0%/ !1" 1"&1. &-3"'"1.01& 451.-0"6&) 78 #"&91& :1"# $1.  !!) "/0
1"& 8"0 3"1. ;-.91.9%'1#& 31./1<1&1. =6"&01. >% /1<1&? 8"0 $18 $"1 @&6A<1&6!1.ﬂCA<1 -!'10-/010
D".$) 78 .1A<01& :1"# $1.  !!) 1"& 8"0 3"1. ;-.91.9%'1#& 31./1<1&1. ;-.91./01.&? $1. -8 =.6A1//%/
/5"&-#"/ !1E1/0"'0 "/0 %&$ $"1 F-'1 %&$ 4."1&0"1.%&' $1/ G".!1#9H.51./ 81//!-. 8-A<0)  !!) -%/
I(JK)
 !!"#$%&' ()(+ L1E6.$1.01.  .!1"0/.-%8) ,"1 @%'1# .15.C/1&0"1.0 $1& M-%8? "& $18 $1. :N= "&
-##1&  A</1& 1"& O1.$.1<%&' 36& ±*P◦ 1.E-<.1& /6##)
*Q
 !"#$%& '( !)*+,-%,.)/%)
 !" #$%&'! (")!&%*"+,- ./" !&#! 012"30!+")!&%,#' ./" !&#!# 2+#4'!2+5%!#!# 61)1%!" !"'&)%
*&72 *1-&% +5* 895&#4!" -&% 55mm  ,"72-!**!" ,#4 43mm :;#'!< =##!"2+5) 4&!*!* (")!&%*"+,-!*
*155 !&#! >&#?!5@!"*%!55)+"?!&% @1# ± AB◦ &# 4!# )!&4!# C72D!#?+72*!# *1D&! &# 4!" E,*;%E5&72 &# 4!"
61%+%&1#*+72*! 4!* 0!+")!&%,#'*D!"?E!,'!* '5!&72E!&%&' "!+5&*&!")+" *!&#<  &! 61%+%&1# ,- 4&!*!
5!%E%! (72*! D&"4 #$%&'F D!## ./" E,?/#.%&'! G&#*;%E! !&#! C%+)&5&*&!",#' &# +55!# H I"!&2!&%*'"+4!#
#$%&' D&"4< >&"4 4!" (")!&%*"+,- ,#+)2;#'&' @1# 4!" J"&!#%&!",#' ED&*72!# 4!" 012"!"+72*! ,#4
4!" z−(72*! 4!* 61)1%!"* )!%"+72%!%F *1-&% +,72 D&#?!5&' -1#%&!"%! 0!+")!&%,#'*D!"?E!,'! )!3
"/7?*&72%&'%F D&"4 4!" '!.1"4!"%! (")!&%*"+,- E, !&#!" K,'!5 -&% !&#!-  ,"72-!**!" @1# 55mm<
I/" 4&! D!&%!"!# L)!"5!',#'!#F 0!"!72#,#'!# ,#4 C&-,5+%&1#!# D&"4 @1# !&#!- '!.1"4!"%!# ("3
)!&%*"+,- +,*'!'+#'!#F 4!" @1# !&#!- >/".!5 -&% 40mm K+#%!#5;#'! "!M";*!#%&!"% D&"4< G&#
*1572!" >/".!5 !#%*M"&72% &# !%D+ 4!- &# 4&! '!#+##%! K,'!5 !&#'!*72"&!)!#!# >/".!5F *14+** *!&#!
G7?M,#?%! +,. 4!" '!#+##%!# K,'!5 E, 5&!'!# ?1--!# N())< O<OP<
 !"! #$%&'()*+),-$). /*+ 0$%&'1$/*),/*, +$% 234 )5 678$).%79/5
 &! Q"$ß! ,#4 4&!  9#+-&? 4!" +,. 4!# TCP D&"?!#4!# C%$",#'!# -,** ./" 4&! 6!'!5,#' )!3
"/7?*&72%&'% D!"4!#<
 !"! !# $%&'(
 &! (%!-."!S,!#E 5&!'% )!& 0.25Hz ,#4 !%D+ 7.5mm (-M5&%,4! N()*72#&%% O<T<A )P<  &!* ./2"% E,
!&#!" Q!*72D&#4&'?!&% @1#
vmax = ω · smax = 2 · pi · 0.25
1
s
· 0.0075m = 0.01
m
s
NO<UP
)ED< !&#!" 0!*725!,#&',#' @1#
amax = ω
2 · smax =
(
2 · pi · 0.25
1
s
)2
· 0.0075m = 0.02
m
s2
NO<AP
 !"! !) *+,-%
>&! &# ()*72#&%% O<T<A<A )!*72"&!)!# 5&!'% 4&! V+#43("-3 "&.% )!& !%D+ 8mm/s< L)!" !&#! 0!3
*725!,#&',#' 4!" 0!D!',#' ?+## ?!&#! (,**+'! '!%"1ﬀ!# D!"4!#F 4+2!" D&"4 4&! Q!*72D&#4&'?!&%
4&!*!" 0!D!',#' +5* ?1#*%+#% +#'!#1--!#<
 !"! ! .+'&/+
 &! '"$ß%! X"!-1"."!S,!#E 5&!'% )!& 12Hz ,#4 1mm (-M5&%,4! N()*72#&%% O<T<UBP<  &!* ./2"%F
,#%!" 4!" (##+2-!F 4+** !* *&72 ,- !&#! *&#,*.$"-&'! C72D&#',#' 2+#4!5%F E, 4!" (,**+'!F 4+**
4&! '"$ß%! 2&!")!& +,.%"!%!#4! Q!*72D&#4&'?!&% )ED< 0!*725!,#&',#' )!&
vmax = ω · smax = 2 · pi · 12
1
s
· 0.001m = 0.08
m
s
NO<OP
amax = ω
2 · smax =
(
2 · pi · 12
1
s
)2
· 0.001m = 5.7
m
s2
NO<YP
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 !"! !0 .+1(2,'(%'3 452%'(3 6578'(
G&# V,*%!# 14!" 8,7?!# 4!* Z+%&!#%!#F 4&! +,72 ,#%!" [+"?1*! +,.%"!%!# ?$##!#F )ED< I+55!#
5+**!# 4!" \+*72&#! 4,"72 4!# 0!4&!#!" D&"4 +,. Q",#4 4!" '"1ß!#F *M",#'.$"-&'!# ,#4 ?+,-
+)*72;%E)+"!# 0!*725!,#&',#'!# #&72% +,*'!"!'!5% D!"4!# ?$##!#<  +2!" D!"4!# 4&!*! Q"$ß!#
#&72% )!%"+72%!% ,#4 *155!# ''.< 4,"72 !&#! !#%*M"!72!#4! C!#*1"&? 4!%!?%&!"% D!"4!#F 4&! ./" !&#!
+#'!)"+72%! 6!+?%&1# 4!* C9*%!-* *1"'%<
A]
 !"#$%& '( !)*+,-%,.)/%)
 !"#$%&'(&!)%*
+#)#!%",!-
.#))#/#$ #" ,/0 12345 678 194
 !"#$%&  !"#$%!  !'(&!) *#+ 2kg, &"%%! '#$(!)!
 !'(&! - *#+ 5kg, '#$(!)!  !'(&!) .*!'
5kg
 '#ﬀ01+*#23145  '#ﬀ31'$%6!++!' *!# '!#4!4
7$%1*89'1$: ;3!' <!*!:'(=&!4 >1!'
?1'  '#ﬀ0$%+!) 30− 40mm@
 '#ﬀ31'$%6!++!' *!#6 A1=*'#45!4 B;4 9'!%6;6!4&!4 16
3#!  '#ﬀ0$%+!) 35− 40mm
 '#ﬀ04;'34145  '#ﬀ! 6C52#$%+& +!4:'!$%& ?1' D4&!'0'E
60$%+!
 !"#$$# %&%' ()*#"+,--# .#) /,0#)!01))#23#)23# 41) ()*5+56,# 75+ 8!+.9#):4#1*#+
 !"! !#!$ %&'()*+,( -.* /0) 1)23450,/0(6)07 +,/ 8)234')+,0(+,( /)2 9:; ;<) .,#
=>#4,ﬁ:!0,5+ .#) 756 3!+.*#3!$0#+#+ @5"50#) #))#,23"!)#+ A#-239,+.,*:#,0#+ "49& B#-23$#1+,C
*1+*#+ ,-0 ,6 D),+4,> #,+# E1F-166,#)1+* .#) A#-239,+.,*:#,0#+ .#) =0G)*)Gß#+ +G0,*&
I#) *)Gß0# (,+ﬂ1-- !1F .,# A#-239,+.,*:#,0 1+. B#-23$#1+,*1+* *#30 756  )#65) !1-& (- ,-0
.!3#) -,++75$$ !$$#,+ .,#-# A)Gß#+ F<) .,# =>#4,ﬁ4,#)1+* .#) K!-23,+# 3#)!+414,#3#+& 1+. 6,0
#,+#6 =,23#)3#,0-!1F-23$!* 41 7#)-#3#+&
(- 9,). .!3#) 756 3!+.*#3!$0#+#+ @5"50#) *#F5).#)0L .!-- .,#-#) !+ M#.#6 D1+:0 .#- E)"#,0-C
)!16#- 1+. ,+ M#.#) @!16),2301+* A#-239,+.,*:#,0#+ 75+ 200mm/s 1+. B#-23$#1+,*1+*#+ 75+
6m/s2 #))#,23#+ :G++#+ 61--&
 !"!# $%&'()*
(,+ 3!+.*#3!$0#+#) @5"50#) 9,). ,+ .#) 8!+. .#- B#+104#)- *#F<3)0 1+. 75+ .,#-#6 *#0)!*#+&
N+0#) #)*5+56,-23#+ A#-,230->1+:0#+ ,-0 .!3#) .!- A#9,230 "#-23)O+:0& ;<) .,# (+09,2:$1+* -5$$
.!- A#9,230 ->#4,ﬁ4,#)0 9#).#+&
P1) B#-0,661+* .#- K!Q,6!$*#9,230- 91).#+ #,+# /,0#)!01))#23#)23# 41) ()6,00$1+* #)*5+5C
6,-23#) A)1+.$!*#+ R%&S&T&UV 1+. #,+# K!):0)#23#)23# 41) B#-0,661+* 75+ *O+*,*#+ A#9,230#+
3!+.*#3!$0#+#) K!-23,+#+ R%&S&T&WV .1)23*#F<3)0&
 !"!#!$ <*(&,&=0234) >2?)67)
 !"!#!$!$ %*@()27)''+,( (- ,-0 .!- 6!Q,6!$ 41$O--,*# A#9,230 75+ 3!+.*#3!$0#+#+ #$#:0),-23
"#0),#"#+#+ X#):4#1*#+ 41 "#-0,66#+&
 !"!#!$!A B,7)*2+34+,(2=@7)*0@' +,/ C&*()4),25)02) ;#**#$#) #0 !$& Y%Z[ 1+0#)-123#+
.,# \G)>#)C 1+. 8!+.3!$01+* 75+ K#+-23#+ "#,6 A#")!123 7#)-23,#.#+#) #$#:0),-23#) 8!+.9#):C
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['& G%/'R%2 /%( )%&/%&.'(5%26O+2% R#&& #26 ^d2'&/%( !'* /+(,$6,$&'**2',$ 14±3mm D+(,$!%6-
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8*&"+09.1!"%/:
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@"!/ 3"1 )"%A"+3"/"+ -.)!0
&./!*+11B1/"21:
;9"%<%=>7+& 3"% ?"+.7!&0
@"!/ "!+"1 -.)!&./!*+1)"%>.(0
%"+1 C)!%/7"##" D#7*%*1@*<!"E:
F+0)!)*0$"%17'(" 5609.1!"%/G n = 284 ?%7<<"
H4 n = 24 CIJKEL ?%7<<"
84 n = 2 CMKEL ?%7<<" 54
n = 2 CMKEG N"%>*%./!*+10
9%"!/" 2 − 12mmG H71/%!/0
/" .71 3"% 8*&"+A7%O"#L 50
8*&"+G n = 364 ?%7<<" H4
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$"/ '/A23$/30/ I/&4%"'./"0 $/7 ,4&$'/,4#0/&/& X2!20/37 H!/3 /"&/& R/3'#/"6, >"0 4&$/3/&@ -,&#"6,
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21. 3*4 */-.*' !"#$%&' 51/3 31* 6&#
.*'7&-1- 89/ 31* 5*1.*/* :;&'0'< 3*/
=4>;&'.&.;&<* -,51* 31* "/&?*+.,/1*
3*- ),7,.*/- <*-%@&ﬀ*'B C*/D*//0'#
<*' 0'3 E'-%@F/8*' 3*- G1;3*- 7**1'#
ﬂ0--*' 31* 5*1.*/*' $%@/1..*B
61* I0ﬂJ-0'< &+.0*;;*/ !"#$%&''*/
;1*<. 7*1 0.4mmB G*1 3*/ G*-.1440'<
K,' L&<* 0'3 M/Jß* *1'*- O7?*+.*-
+&'' '&%@ 3*4 $@&'','#"@*,/*4
PQR(  ST(  QSU K,' *1'*/ 2*--<*'&0#
1<+*1. K,' 0.8mm &0-<*<&'<*' 5*/#
3*'B
σCT,praeop =
0.8mm
6 = 0.13mm
V :;&'0'< 3*/ =4#
>;&'.&.;&<*
61* :;&'0'< 3*/ =4>;&'.&.;&<* 7*#
-.*@. &0- 3*/ G*-.1440'< 3*/ :*31#
+*;&%@-* 97*/ K1*/ )&'3>0'+.* 0'3
*1'* L1'1* 30/%@ 31* 21..*;>0'+.* 3*/
C*/71'30'<-;1'1* ?*5*1;- D5*1*/ <*#
<*'97*/ ;1*<*'3*/ )&'3>0'+.*B
=4 <9'-.1<-.*' W&;; ;&--*' -1%@ 31*
)&'3>0'+.* &08 *1'*' G1;3-%@1/4#
:1X*; <*'&0 7*-.144*'B 61* M*#
'&01<+*1. 1-. &7@F'<1< K,4 C*/#
</Jß*/0'<-8&+.,/ 3*/ 6&/-.*;;0'<
P SRUB 61* M*'&01<+*1. 3*/ :;&#
'0'< 51/3 41. 0.4mm Y3,>>*;.*
!"#M*'&01<+*1.Z &'<*',44*'B
σP lanung =
0.4mm
6 = 0.067mm
S )*<1-./1*/0'<
Y2&.%@1'<Z
61* )*<1-./1*/0'< */8,;<. 41. *1'*4
$0/8&%*#2&.%@1'<#C*/8&@/*'( 3&- 31*
/*&;* [',%@*',7*/ﬂF%@* 41. 3*/ 3*-
K1/.0*;;*' 2,3*;;- &7<;*1%@.B
61* M*'&01<+*1. 1-. &7@F'<1< K,'
3*4 $%@5*;;5*/.( 3*/ D0/ [',%@*'#
7*-.1440'< 14 !" &'<*',44*'
50/3* PTV(  Q (  TTU 0'3 51/3 41.
1.0mm &'<*',44*'B
σRegistrierung =
1mm
6 = 0.167mm
R "/&%+1'< 3*- )*#
8*/*'D-.*/'*-
61* L&<* 0'3 O/1*'.1*/0'< 3*- )*8*#
/*'D-.*/'- &4 [',%@*' 51/3 41. \1;#
8* *1'*- ,>.1-%@*' "/&%+1'<-]-.*4-
7*-.144.B
61* M*'&01<+*1. 3*- "/&%+1'<-]-.*4-
Y)*8*/*'D-]-.*4Z 51/3 41. 0.1mm
>/, 2&/+*/#L^6 &'<*<*7*'B 61*-*
M*'&01<+*1. 51/3 89/ 3*' +,4>;*..*'
$.*/' 0'3 89/ &;;* &08./*.*'3*' M*#
-%@51'31<+*1.*' &'<*',44*' P_QUB
σT rackingI =
0.1mm
6 = 0.0167mm
_ "/&%+1'< 3*- ),#
7,.*/-
61* L&<* 0'3 O/1*'.1*/0'< 3*- )*#
8*/*'D-.*/'- &4 @&'3<*@&;.*'*' ),#
7,.*/ 51/3 41. \1;8* *1'*- ,>.1-%@*'
"/&%+1'<-]-.*4- 7*-.144.B
-1*@* RB
σT rackingII =
0.1mm
6 = 0.0167mm
` M*'&01<+*1. 3*-
),7,.*/-
6*/ ),7,.*/ 7,@/. *1' L,%@ 41. *1#
'*/ 7*-.144.*' O/1*'.1*/0'< &' *1#
'*4 7*-.144.*' ^1'./1..->0'+. 1'
3*' [',%@*'B L&<* 0'3 O/1*'.1*/0'<
3*/ L,%@&%@-* 5*/3*' 7*./&%@.*.B
61* M*'&01<+*1. 1-. D0 ->*D1ﬁD1*/*'B
σIT D
Q =4>;&'.&.1,' 3*/
$%@/&07*
61* $%@/&07* 51/3 97;1%@*/5*1-* K,'
\&'3 1' 3&- K,/<*7,@/.* L,%@ <*#
-%@/&07.B 61* $%@/&07* 51/3 3*/
G,@/0'< 5*1.<*@*'3 8,;<*'B
61* M*'&01<+*1. 31*-*- I/7*1.--%@/1.#
.*- 51/3 1<',/1*/.B
σSchraube
T !"#$%&'( )*+,'#
-./0+.1,'
21. 3*4 !"#$%&' &4 ^'3* 3*/ M*#
'&01<+*1.-+*..* 51/3 31* I75*1%@0'<
3*/ <*>;&'.*' K,' 3*/ /*&;*' L&<* 3*/
$%@/&07* <*4*--*'B
$1*@* ,7*'b 0.8mm
σCT,postop =
0.8mm
6 = 0.13mm
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:8#*0I 4&8& 4#* <"-$#,:8 ?6* 3#!$#3 Q#$/ +*4 ?,3/+#$$#> C64#$$ 4#0 `*6:8#*0& D,# `#//# 1283/
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4+3:8 4#* a@#3!/#+3& D#3 $#/7/#  #,$ 4#3 )#*!+,-.#,/0.#//# "#0/#8/ !+0 #,*#> _ TP:!*I >,/ 4#>
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;%. <.8"00#%&' $1. 21&-%"'31"0 $1/ 9-&$'19-#01&1& :5!501./) ,"1 =-9#1&>1.01 1&0/7.1?91& $1.
$.1"@-?91& A0-&$-.$-!>1"?9%&' σ)
$1. A%!/B/0181)
σ2ges =
∑
i
σ2i C()DE
,-!1" '"#0F $-// $"1 GH@-?91 A0-&$-.$-!>1"?9%&' $1/ 21/-80HI.5;1//1/ 3#1"&1. /1"& 8%// -#/ $1.
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>1&& $-45& -%/'1'-&'1& >".$F $-// 31"&1 L"&31#-!>1"?9%&' $1/ M59.#5?9/ 45.#"1'0)
6σges ≤ T = 2 · 3.9mm C()GE
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√
σ2ges − (σ
2
CT,praeop + σ
2
Planung + σ
2
Registrierung + σ
2
Tracking1 + σ
2
Tracking2 + σ
2
CT,postop)
C()QE
σITD =
√
1.32 − (0.132 + 0.0672 + 0.1672 + 0.01672 + 0.01672 + 0.132) = 1.27mm C()RE
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/?9&"00 ()D)GE '1/10;0 >1.$1& /5##F &5?9 8"0 L-9./?91"&#"?931"0 1.@P##0F $"1 6σ 1&0/7."?90) L".$ 45&
$1. A"0%-0"5& -%/'1'-&'1&F $-// $1. I1$"31# 1"&1& ,%.?981//1. 45& 11mm 9-0 C$%.?9/?9&"00#"H
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1/$ :+5$-() '( 1/( ;/1'&/, ,'/)64 0/(( 1/$ ;!6'/(6 "'%5 '( /'(/$ !()/(+../(/( <+$.=>!)/ '. ?;
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1')'6!,/( E/)/,-()"6/%5('& 0/$1/( P@,'%5/$0/'"/ D@6!"6$!6/( )/0N5,64 1'/ /60! _= @'" J=.!, 5T=
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6!"6O$/]-/(C *+( .'(1/"6/(" 100Hz )/O+$1/$6B
 !"!#!< ='52+;
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U(.?6 %)*0+$%&,. 6()5: >?&, 5(0 L%$'0$ %" M0,-?60 506 ,%)5*0,%=.0)0) Q!+!.0$6 6()5 %?6 5(060"
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+06!)50$0) .0&,)(6&,0) U&,9(0$(*'0(.0) 0).6.0,0):
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+,-+ & ?-,(0 +, ' +. (0 + ' ?(0 3 ' ?(0 '
 !"#$$# %&'() *+,#-!,.--#/0#-/0# 1.2 3!4567-26 -#28-&
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C+", #+4#4 Y"#-"$+/< ="#- 5+# D-C#"4+::# 5#- *+,#-!,.--#/0#-/0#&
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9+# .4"#$!:,#,# T#:84!41J-#K.#41 5#: C!41#4 7-2: "#,-OC, 2 − 5Hz "#+ 0.6mm 72[$+,.5#
!4 5#- 3!45& D: +:, 5!L84 !.:1.C#0#4B 5!:: 5+# >-#K.#41 2+, 1.4#02#45#- D-2=5.4C :+4<, .45
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5#- P#$!:,.4C 5#: 7-2#: F''`I&
>=- 5+# ?#/0!4+< ;+-5 J#:,C#$#C,B 5!:: 1.2 7.:C$#+/0 5#- 8"#4 "#:/0-+#"#4#4 >-#K.#41#4 .45
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T!.2-+/0,.4C#4 L84 5HzB "#+ #+4#- !4C#4822#4#4 2!Z& 72[$+,.5# L84 2.5mm :8;+# :+4.:JU-2+C#
Q/0;+4C.4C#4 L84 12Hz "#+ #+4#- !4C#4822#4#4 2!Z& 72[$+,.5# L84 1mm 5.-/0J=0-"!- :#+4
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9133? ."#3 *#" 4"56'%#7 *"& 6'%*$"6'3,"%"% C1@1,"!& &"6! @'3* '% *"% C'%* #6!"& A!@"#,&!'(:"&
$"3'%$, (%* "#%" ."#,"!" +,'@#3#&#"!(%$ '(56 '(& *#"&": D!(%* %#56, :8$3#56 &"#% .#!*;
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 !"!#$!" .+/'(-+0),)
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l /0*&*1 4!)& 6'()&-)3*7*,)$)1 4!)& 6,H,I)31 J)!9I)#5?%0,,BK!$ L
n M
d1, d2, d3 6'()&-)3*7*,)$ $&, : ;<=
d4, d5, d6 >7? / @+0-)%5)%)39C F ;<=
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
 cψ · cθ cψ · sθ · sρ− sψ · cρ cψ · sθ · cρ+ sψ · sρsψ · cθ sψ · sθ · sρ+ cψ · cρ sψ · sθ · cρ− cψ · sρ
−sθ cθ · sρ cθ · cρ
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V)*10"
BxD,1 =
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Bx1
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·
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Bx1 −
Bx2
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J459WK
BxD,2 =
Bx2 +
d2 − n2 ·
Bx1
n2 · (Bx1 − Bx3)
·
(
Bx1 −
Bx3
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J459:K
BxD,3 =
Bx3 +
d3 − n3 ·
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n3 · (Bx1 − Bx3)
·
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Bx1 −
Bx3
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 !" T/+" ,"'  )'%&$0>ßI >,"' 7*3"*1V)*10" !. P%&"!("*I->>',!*/0"*$C$0".8 ,/$ $"!*"* Z'I
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
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BS2B
BS3
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BnG,1 · x = d1  !"#$%
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dG,j =
Bnj ·
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
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Baj =
BnG,j ×
Bnj ,  !"E#%
B+( (,) @56+,..>)-;()+ ()- @.1.A)+)8)+)+ :,. ()+ 78)+)+ ()- @56),8)+3Q3.):) 3,+( 39:,.
gj :
BxG,j =
BxD,j + tj ·
Baj .  !"EE%
R1- (,) S)3.,::B+> ()- ?+<)+KDB+K.)
BxD,j ;B0 ()+ @56),8)+3Q3.):)+T ;<39 ()- @.1.A)+0BßV
DB+K.) :133)+ (,) AW), HB+K.) ;B0 gj >)0B+()+ W)-()+T ()-)+ ?83.;+( AB: X)<)+KDB+K. ;B0 ()-
Y)-KA)B>D<;..09-: >)+;B ()- @.1.A)+<Z+>) Lj )+.3D-,56."
/;AB :B33 (,) X<),56B+>
Lj =
√
(xj,1 − (xD,j,1 + tj · aj,1))
2
+ (xj,2 − (xD,j,2 + tj · aj,2))
2
+ (xj,3 − (xD,j,3 + tj · aj,3))
2
 !"E!%
01- tj >)<=3. W)-()+"
[9+ ()+ AW), \=3B+>)+ 01- ])()3 ()- (-), tj W,-( ),+) >)WZ6<.T (,) AB: ?+<)+KDB+K.
BxD,j
01- (;3 ])W),<,>) @56),8)+3Q3.): j 016-." /,) O99-(,+;.)+ ()- ?+<)+KDB+K.) K=++)+ (;++ ,:
AW),(,:)+3,9+;<)+ 78)+)+VO99-(,+;.)+3Q3.): ;+>)>)8)+ W)-()+"
^,. ()+ +B+ 8)K;++.)+ AW),(,:)+3,9+;<)+ ?+<)+KDB+K.)+
BxD,j K=++)+ (,) [)-(-)6W,+K)<
ϕkl  K<),+) @56),8)% 8AW" ϕgr  >-9ß) @56),8)% ),+)3 ])()3 @56),8)+3Q3.):3 W,) ,+ ?8356+,.. !"!"M"MT
X<+" !"#F B+( !"#M 8)356-,)8)+ 8)-)56+). W)-()+"
 ! !" #$%&'%()*+,-./(+*
GB- S)-)56+B+> ()- \;>) B+( I-,)+.,)-B+> xe =
[
BxT ρ θ ψ
]T
()3 ,: TCP ()ﬁ+,)-.)+
Y)-KA)B>K99-(,+;.)+3Q3.):3 W,-( 8), >)>)8)+)- Y,+K)<3.)<<B+>
ϕ =
[
ϕ1,1 ϕ1,2 ϕ2,1 ϕ2,2 ϕ3,1 ϕ3,1
]T
()- @56),8)+ B+( /)ﬁ+,.,9+ ()- @56),8)+3Q3.):)8)+)+ E1T E2T """ Ej T (,) \;>)
BxD,j ()-
?+<)+KDB+K.) 8)-)56+)." /; (,) N)<;.,9+ ()- 98)+ 8)356-,)8)+)+ X)-;()+ g1T g2 """ g3 (,) (;3
[)-8,+(B+>3)<):)+. 8), ()+ [;-,;+.)+ _V/IRVMT _V/IRV#T _V/IRV! B+( _V/IRV_ 8AW" (,) @.1.A)+
8), ()+ [;-,;+.)+ _V/IRV` B+( _V/IRV$ -)D-Z3)+.,)-)+T 8)K;++. ,3.T K;++ ),+ X<),56B+>33Q3.):
;B0>)3.)<<. W)-()+T :,. (): ()- [)-356,)8)J)K.9-
BxT B+( (,) N9.;.,9+3:;.-,a
B
TR 8)-)56+).
W)-()+ K=++)+"
$!
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 ! !"!# $%&'%()* +,-./,#
 !" #$% &%"%'()*)+ ,-) ./+%
BxT *)# 0"$%)1$%"*)+ ρ2 θ2 ψ #%3 TCP 4567 #%3 8%"95%*+9-:
-"#$)/1%)3;31%<3 {T} 4%$ #%" =$)%</1$9,/"$/)1% >:?0 :@ AB447 C7C /DD 6%"#%) 56%$ 4%9/))1%
&%#$)+*)+%) 9-<4$)$%"1E ?/3 F%"4$)#*)+3%G%<%)1 4%31%(1 /*3 #"%$ 31/"" *)# 3%)9"%'(1 5*%$)/):
#%" 31%(%)#%) H1/)+%)2 /) #%"%) ="%*5*)+3I*)91 #%" TCP #%ﬁ)$%"1 6$"#7 K%#% #%" H1/)+%) +%(1
#*"'( %$)%) B)G%)9I*)91
BxD,j %$)%3 H'(%$4%)3;31%<32 #%" /G3 =*+%G3'(*4+%G%)9 AL;I M2 L/47
C7@D /*3+%N!("1 $317 ?$% H'(%$4%)3;31%<% G$%+%) $) #"%$ 3%)9"%'(1%) O4%)%) *)# 3$)# #*"'( #$%
P-"</G%),%91-"%)
Bnj *)# #$% ./+% $("%" Q$11%GI*)91%
BxS1,j #%ﬁ)$%"17
?$% ./+% #%" B)G%)9I*)91%
BxD,j 4%"%'()%1 3$'( <$1 R$GN% #%" ?"%(6$)9%G ϕi,j 6$% N-G+1E
BxD,1 =

 r11 cosϕ11 + r12 cosϕ12r11 sinϕ11 + r12 sinϕ12
0

+ BxS,1 AC7STD
BxD,2 =

 r21 cosϕ21 + r22 cosϕ220
r21 sinϕ21 + r22 sinϕ22

+ BxS,2 AC7S>D
BxD,3 =

 0r31 sinϕ31 + r32 sinϕ32
r31 cosϕ31 + r32 cosϕ32

+ BxS,3 AC7SUD
 ! !"!#!# 0%1* 2*3 456 ?$% F%91-"%) ,-) #%) B)G%)9I*)91%) 5*< TCP 31%(%) 3%)9"%'(1
/*N%$)/)#%"2 $(" H9/G/"I"-#*91 $31 3-<$1 )*GG7 O3 9V))%) 3-<$1 3%'(3 ,%91-"$%GG% MG%$'(*)+%) /*N:
+%31%GG1 6%"#%)E
Bex = xT − xD,3 AC7SWD
Bey = xT − xD,2 AC7SXD
Bez = xT − xD,1 AC7CYD
Bex ·
Bey = 0 AC7C@D
Bex ·
Bez = 0 AC7CZD
Bey ·
Bez = 0 AC7CSD
?$%3% 3%'(3 MG%$'(*)+%) 9V))%) $) 56VGN /G+%4"/$3'(% MG%$'(*)+%) <$1 56VGN [)4%9/))1%) *<:
+%N-"<1 6%"#%)E
ex1 = xT − xD,3 AC7CCD
ex2 = yT − yD,3 AC7CTD
ex3 = zT − zD,3 AC7C>D
ey1 = xT − xD,3 AC7CUD
ey2 = yT − yD,3 AC7CWD
ey3 = zT − zD,3 AC7CXD
ez1 = xT − xD,3 AC7TYD
ez2 = yT − yD,3 AC7T@D
ez3 = zT − zD,3 AC7TZD
ex1 · ey1 + ex2 · ey2 + ex3 · ey3 = 0 AC7TSD
ex1 · ez1 + ex2 · ez2 + ex3 · ez3 = 0 AC7TCD
ey1 · ez1 + ey2 · ez2 + ey3 · ez3 = 0 AC7TTD
?/ #$% \$'(1*)+3,%91-"%) #%3 F%"4$)#*)+3%G%<%)1%3 G%$'(1 /*3 #%" ?$ﬀ%"%)5 56$3'(%) TCP
*)# B)G%)9I*)91%)
BxD,j 4%"%'()%1 6%"#%) 9V))%)2 9/)) #/3 MG%$'(*)+33;31%< 5* %$)%< /*3
#"%$ MG%$'(*)+%) <$1 #"%$ [)4%9/))1%) xT 2 yT *)# zT 5*3/<<%)+%N/331 6%"#%)7
UT
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
(xT − xD3) (xT − xD2) + (yT − yD3) (yT − yD2) + (zT − zD3) (zT − zD2) = 0  !"#$%
(xT − xD3) (xT − xD1) + (yT − yD3) (yT − yD1) + (zT − zD3) (zT − zD1) = 0  !"#&%
(xT − xD2) (xT − xD1) + (yT − yD2) (yT − yD1) + (zT − zD2) (zT − zD1) = 0  !"#'%
()* +,-./0 1)*-*- 23*)45./0--6-7*8- 3)*9*:7 1)* +;0*
BxT 1*- TCP )8 <;-)-=>>:1)/;7*/-6-7*8
{B}" ()* -68?>3)4@7>>3?>A B>/ C;73;? ?*/,7)07 ;.9 *)/*8 1GHz−DE *7F; 20s G.: <*:*45/./0
1*: +,-./0" ()*-* ?*3*07 ;3- H*A7@(;7*) 0*-I*)45*:7 *7F; JKC< LI*)45*:I3;7G ./1 F):1 F*0*/ )5:*-
M89;/0- 5)*: /)457 ;.90*9N5:7"
()* O*:-45)*?./0 B>/ <;-)-@ ./1 P*:=G*.0=>>:1)/;7*/-6-7*8 3Q--7 -)45 ;3- O*=7>: GF)-45*/
1*/ M:-I:N/0*/ 1*: ?*)1*/ R>>:1)/;7*/-6-7*8*
BxT −
B0 = BxT  !"#S%
;.-1:N4=*/"
 ! !"!#!" $%&'()&'%*(+ C)7 T)39* 1*- U.-;88*/5;/0-
T
Bex =
BxT −
BxD3
|BxT − BxD3|
 !"$V%
T
Bey =
BxT −
BxD2
|BxT − BxD2|
 !"$J%
T
Bez =
BxT −
BxD1
|BxT − BxD1|
 !"$K%
=,//*/ 1)* 1:*) W)/5*)7-B*=7>:*/ 1*- P*:=G*.0=>>:1)/;7*/-6-7*8- )8 <;-)-=>>:1)/;7*/-6-7*8
?*:*45/*7 F*:1*/"
()* X:)*/7)*:./0 1*- TCP @R>>:1)/;7*/-6-7*8- {T} ?*:*45/*7 -)45 G./Q45-7 8)7 T)39* *)/*:
YN4=FQ:7-?*7:;457./0 1*: Y>7;7)>/-8;7:)A"
()* ;/0*/>88*/* Y>7;7)>/--*Z.*/G )-7 xyz[ 1"5" *- F):1 G.*:-7 1)* Y>7;7)>/ .8 1)* x−\45-*
1*- <;-)-=>>:1)/;7*/-6-7*8[ 1;// 1)* .8 1)* /*.* y−\45-*  y]% 1*- P*:=G*.0=>>:1)/;7*/-6-7*8-
./1 G.3*7G7 1)* .8 1)* GF*)8;3 0*1:*57* z−\45-*  z^% B*:1:*57" \33* O*:1:*5./0*/ F*:1*/ =3*)/*:
;3- SV
◦
;/0*/>88*/[ ->1;-- -)45 =*)/* \45-*/ ;.9*)/;/1*: ;??)31*/ =,//*/"
()* M8-7*33./0 1*: 23*)45./0
Txj =
B
TR ·
Bxj  !"$_%
/;45
B
TR *:0)?7
B
TRi =
Txi
Bxi
.  !"$!%
()* <*:*45/./0 *:0)?7 `*F*)3- 1)* i−te LI;37* 1*: 0*-.457*/ Y>7;7)>/-8;7:)A[ 1)* 1)* O*:1:*5./0
1*- P*:=G*.0@ 0*0*/N?*: 1*8 <;-)-@R>>:1)/;7*/-6-7*8 ?*-45:*)?7"
C)7 1*8 P)--*/ .8 1*/ \.9?;. 1*: R>*ﬃG)*/7*/ 1*: Y>7;7)>/-8;7:)A ;330*8*)/b
B
TR = (ρ, θ, ψ) =

 cosψ · cos θ cosψ · sin θ · sinα− sinψ · cos ρ cosψ · sin θ · cos ρ+ sinψ · sin ρsinψ · cos θ sinψ · sin θ · sinα+ cosψ · cos ρ sinψ · sin θ · cos ρ− cosψ · sin ρ
− sin θ cos θ · sin ρ cos θ · cos ρ


 !"$#%
=;// *)/ 23*)45./0--6-7*8 8)7 1*/ 1:*) ./?*=;//7*/ P)/=*3/ ./1 /*./ 23*)45./0*/ 9>:8.3)*:7
F*:1*/ B>/ 1*8 1:*)  8,03)45-7 *)/9;45*% 23*)45./0*/[ 1)* )/-0*-;87 ;33* M/?*=;//7*/ */75;37*/[
;.-0*FQ537 F*:1*/" (;- G. 3,-*/1* 23*)45./0--6-7*8 )-7 1*8/;45b
cos(ψ) · cos(θ) = ex,1  !"$$%
sin(ψ) · cos(θ) = ex,2  !"$&%
cos(θ) · sin(ρ) = ey,3  !"$'%
&$
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !" #$% "&' ()* !+
ρ = atan2

 ex,2√
e2x,2 + e
2
x,1
,
ex,1√
e2x,2 + e
2
x,1


,-./01
θ = arcsin

 ey,3√
e2x,2 + e
2
x,1


,-.231
ψ = arccos
(√
e2x,2 + e
2
x,1
)
,-.241
.
 ! !"!" #$%&$'() *+,-.+" /'0 *+,-.+ 
5&' 67'& 8$9&$!%'! ,:;;!. -.- ;1  !" -.- <11 ;'*&%6'! 67'& =$9$>>'> $!+'?9"!'%' @<#'&;'!*A*%'B'
 !" '&! *'!C9'<#% "$6 +'>'+'!'*. 5$* 8'9;&!" !+*'>'B'!% ;'*%'#% $ * '&!'9 DEF)9B&+'! @%$!E
+'G "'9'! H '9;$>C'! &! "'! I +'>*<# ;+'>'!C'! ,DA= JG D$;. -.41 "'9 =$9$>>'> $!+'?9"!'%'!
@<#'&;'!*A*%'B' ;'F'*%&+% &*%  !" "'9'! *'!C9'<#%'9 D'&> &B I +'>*<# ;+'>'!C "'9 "9&%%'! @<#'&;'
*%'<C%. 5&' ($+' "'9 :!>'!C= !C%'
BxD,j C$!! $ * "'! K&!C'>*%'>> !+'! ϕi,j "'9 @<#'&;'! 7&'
 !%'9 -.-.4.4G J>!. -.L3  !" -.L4 ;'*<#9&';'! ;'9'<#!'% 7'9"'!. 5'9 M9*=9 !+ "'* N$*&*C??9"&!$E
%'!*A*%'B* {B} >&'+% &B O&%%'>= !C% '&!'* "'9 =$9$>>'> $!+'?9"!'%'! @<#'&;'!*A*%'B'.
 ! !"!"!1 2$3) 0)4 567 5'9 TCP >&'+% $ F '&!'9 J'9$"'! " 9<# "&' 5 9<#*%?ß= !C%' BxD,1
 !"
BxD,1 "'9 =$9$>>'> $!+'?9"!'%'! @<#'&;'!*A*%'B' 4  !" L. 5&'*'9 8'C%?9 "'ﬁ!&'9% "&' R&<#% !+
"'9 z−:<#*' "'* K'9C6' +C??9"&!$%'!*A*%'B* {T}. : F "&'*'9 J'9$"'! >&'+% $ <# "'9 :;67'&+E
= !C%G S?! "'B $ * *'!C9'<#% '&!' :<#*' "$* "9&%%' @<#'&;'!*A*%'B *<#!'&"'%. 5'9 '&!F$<#'9'!
N'9'<#! !+ 7'+'! 7&9" "'9 TCP &! "&'*'! :;67'&+ +'>'+%. O&% '&!'9 '&!F$<#'! I??9"&!$%'!%9$!*E
F?9B$%&?! C$!! "&' ($+' '&!'* ;'>&';&+'! T !C%'* "'* K'9C6' +EI??9"&!$%'!*A*%'B* &B N$*&*C?E
?9"&!$%'!*A*%'B ;'*%&BB% 7'9"'!.
5'9 z−U&!#'&%*S'C%?9 "'* K'9C6' +C??9"&!$%'!*A*%'B* {T} &! N$*&*EI??9"&!$%'! {BT} &*%
BeT,z =
BxD,2 −
BxD,1
|BxD,2 − BxD,1|
,-.2L1
5&' ($+' xT "'* TCP ;'9'<#!'% *&<# F?>+'!"'9B$ß'! V4W4XY
BxT =
BxD,1 + t ·
(
BxD,2 −
BxD,1
)
,-.2Z1
B&%
t =
(
BxD,3 −
BxD,1
)T (BxD,1 − BxD,2)
(BxD,1 − BxD,2)
T
(BxD,1 − BxD,2)
. ,-.2-1
5'9 y−U&!#'&%*S'C%?9 eT,y "' %'% S?B :!>'!C= !C%' "'* "9&%%'! @<#'&;'!*A*%'B* *'!C9'<#% 6 
BeT,z &! R&<#% !+ "'* :;67'&+[TCP .
BeT,x =
BxD,3 −
BxT
|BxD,3 − BxT |
,-.2W1
5'9 x−U&!#'&%*S'C%?9 eT,x *%'#% *'!C9'<#% $ F "'! $!"'9'! ;'&"'!Y
BeT,x =
BeT,y ×
BeT,z ,-.2/1
5&' 8'9*<#&'; !+
Br S?! N$*&*E  !" K'9C6' +C??9"&!$%'!*A*%'B >\**% *&<# $>* 8'C%?9 67&*<#'!
"'! M9*=9]!+'! "'9 ;'&"'! I??9"&!$%'!*A*%'B' $ *"9]<C'!.
Br = BxT −
BxS1,1 ,-.221
 ! !"!"!" -%&)'(&)%/'3 5&' ^9&'!%&'9 !+ "'* K'9C6' +C??9"&!$%'!*A*%'B* C$!! B&% "'! ! !
;'C$!!%'! U&!#'&%*S'C%?9'!G 7&' &! -.-.L.4 ;'*<#9&';'!G ;'9'<#!'% 7'9"'!.
22
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 ! !"!# $%&'%()* +,-./,0 1(2 +,-./,3
 !" #$%!$&'"& () *+), -.//0 10, $22 3&4 () *+)5 -.//0 10, /22 /"6!'7"& 8" 4%"! 9:;"!/"&6<6'")
="> 4!" !& "!&"% ?/"&" -() *+),2 /7@0 "!&$&4"%73A"@$&4' !& +B%= "!&"6 AC"!:;6"!'!A"&  %"!":D6
-() *+)52 $&A"B%4&"' 6!&40  !" .&C"&DE3&D'" 4"% 9'F'7"& $3G 4"& 9:;"!/"&6<6'"="& 6!&4 $C6 H3)
A"CA"C"&D" -I<E +> I$/0 10J2 $36A"GF;%'0  !" 9'F'7" !6' $& 4"% K"%D7"3AEC$''GB%= !& L$/"CA"C"&D"&
-I<E M> I$/0 10J2 /"G"6'!A' 6!&40
N"/"& 4"& 9:;"!/"&@!&D"C& ϕ =
[
ϕ1,1 ϕ1,2 ϕ2,1 ϕ2,2 ϕ3,1 ϕ3,1
]T
3&4 4"& O$4!"& 4"%
9:;"!/"& rj,i 6!&4 6B=!' 736P'7C!:; 4!" QP&A" 4"% 9'F'7"& Lj 6B@!" 4!" .&B%4&3&A 4"% L"C"&DE3&D'"
Bx1>
Bx2>
Bx3 $3G 4"% K"%D7"3AEC$''GB%= 6B@!" 4!" K!&D"C 4"% L"C"&D$:;6"& κj RB& S&'"%"66"0  !"
9:;"!/"&6<6'"=" 6!&4 @!" B/"& 43%:; 4!" NB%=$C"&R"D'B%"&
Bnj 3&4 4!" Q$A" !;%"% T!''"CE3&D'"
BxS1,j 4"ﬁ&!"%'0
 !" L"C"&DE3&D'"
Bx1>
Bx2 3&4
Bx3 4"% K"%D7"3AEC$''GB%= =F66"& GBCA"&4" A"B="'%!6:;"
M"4!&A3&A"& "%GFCC"&V
J0  !" Q$A" 4"% .&C"&DE3&D'"
BxD,j D$&& $36 4"& K!&D"C6'"CC3&A"& ϕi,j 4"% 9:;"!/"& @!" 3&'"%
1010W0J /"6:;%!"/"& /"%":;&"' @"%4"&0
W0 • Bx1 C!"A' $3G "!&"% H3A"C =!' 4"= O$4!36 L1 3=
BxD,1
• Bx2 C!"A' $3G "!&"% H3A"C =!' 4"= O$4!36 L2 3=
BxD,2
• Bx3 C!"A' $3G "!&"% H3A"C =!' 4"= O$4!36 L3 3=
BxD,3
X0 •  "% ./6'$&4 RB& Bx1 3&4
Bx2 !6' D12
•  "% ./6'$&4 RB& Bx2 3&4
Bx3 !6' D23
•  "% ./6'$&4 RB& Bx3 3&4
Bx1 !6' D31
10 •  "% K!&D"C 7@!6:;"& 4"= $3G 4!" ?/"&" 4"% K"%D7"3AEC$''GB%= E%B8!7!"%'"& #"D'B%
Bx1 −
BxS1,1 3&4 4"% #"%/!&43&A 4"% #"D'B%"&
Bx1 −
Bx2 !6' κ1
•  "% K!&D"C 7@!6:;"& 4"= $3G 4!" ?/"&" 4"% K"%D7"3AEC$''GB%= E%B8!7!"%'"& #"D'B%
Bx2 −
BxS1,2 3&4 4"% #"%/!&43&A 4"% #"D'B%"&
Bx2 −
Bx3 !6' κ2
•  "% K!&D"C 7@!6:;"& 4"= $3G 4!" ?/"&" 4"% K"%D7"3AEC$''GB%= E%B8!7!"%'"& #"D'B%
Bx3 −
BxS1,3 3&4 4"% #"%/!&43&A 4"% #"D'B%"&
Bx3 −
Bx1 !6' κ3
?6 "%A!/' 6!:; 6B=!' "!& LC"!:;3&A66<6'"= =!' &"3& LC"!:;3&A"& 3&4 &"3& Y&/"D$&&'"&> 4"66"&
QZ63&A 4!" A"63:;'"& HBB%4!&$'"& 4"% 4%"! L"C"&DE3&D'" 6!&40
T!'
Bx1 =

 a1a2
a3


>
Bx2 =

 b1b2
b3


3&4
Bx3 =

 c1c2
c3


D$&& 4$6 LC"!:;3&A66<6'"= GB%=3)
C!"%' @"%4"&V
(a1 − xS1,1)
2
+ (a2 − xS1,2)
2
+ (a3 − xS1,3)
2
= L21 -105[2
(b1 − xS2,1)
2
+ (b2 − xS2,2)
2
+ (b3 − xS2,3)
2
= L22 -105\2
(c1 − xS3,1)
2
+ (c2 − xS3,2)
2
+ (c3 − xS3,3)
2
= L23 -10[]2
(a1 − b1)
2
+ (a2 − b2)
2
+ (a3 − b3)
2
= D212 -10[J2
(b1 − c1)
2
+ (b2 − c2)
2
+ (b3 − c3)
2
= D223 -10[W2
(a1 − c1)
2
+ (a2 − c2)
2
+ (a3 − c3)
2
= D213 -10[X2
a1b1 + a2b2 + a3b3√
a21 + a
2
2 + a
2
3 ·
√
b21 + b
2
2 + b
2
3
= cos (κ1) -10[12
b1c1 + b2c2 + b3c3√
b21 + b
2
2 + b
2
3 ·
√
c21 + c
2
2 + c
2
3
= cos (κ2) -10[,2
a1c1 + a2c2 + a3c3√
a21 + a
2
2 + a
2
3 ·
√
c21 + c
2
2 + c
2
3
= cos (κ3) -10[(2
5[
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !" #$%&'( )!"%"% *+"!,-&'(%%.%/"0% 12'' 3%456 0!/ 724+" 8724+"%9:/; <2/"=+99; >'/2=!9; ?@A
3"=",-'"/ 5"=)"'6 B!' 1GHzCD? 3"'$/!(/ )2:E= F")9,- 0"-="=" G2("; %9)2%% "% %!''H9++"= "=C
%,-"!'/; )2% !/"=2/!H" I"5/9'H"=:2-="' 2'J&5"')"' &') 0!/ K!+:" )"= L'H"=%1!'"02/!1 )!" #2(" )"%
TCP &') )!" >=!"'/!"=&'( )"% <"=1J"&(199=)!'2/"'%.%/"0% J& 3"=",-'"'6
 2% <"=1J"&(199=)!'2/"'%.%/"0 5!=) )&=,- )!" )="! *"+"'14&'1/"
Bx1;
Bx2 &')
Bx3 )"ﬁ'!"=/6
N&= O"=",-'&'( )"= P9"ﬃJ!"'/"' )"= R9/2/!9'%02/=!S 5"=)"' )!" O2%!%H"1/9="' )"% <"=1J"&(C
199=)!'2/"'%.%/"0% 3"'$/!(/6  !"%" 5"=)"' !0 O2%!%199=)!'2/"'%.%/"0 :9+("')"=02ß"' "=0!//"+/U
BeT,x =
Bx2 −
Bx1
|Bx2 − Bx1|
8V6WXA
 !"%"= Y"1/9= )"&/"/ H90 *"+"'14&'1/
Bx1 J& )"0 0!/
Bx2 3"J"!,-'"/"'6
BeT,y =
Bx3 −
BOT
|Bx3 − B0T |
8V6WWA
)!"%"= Y"1/9= ("-/ )&=,-
Bx3 &') )"' Z=%4=&'( )"% <"=1J"&(199=)!'2/"'%.%/"0%
B0T ; )"=
!0 [,-'!//4&'1/ )"= B!'-"!/%H"1/9="' )"ﬁ'!"=/ 5!=) &') )"&/"/ +9/=",-/ 2&:
Bex6
\E=
B0T (!+/U
B0T =
Bx1 + tO ·
Bex 8V6W]A
0!/
t0 =
(
Bx3 −
Bx1
)
· Bex
(Bex)
2 8V6]^A
 "= TCP +!"(/ !0 Z=%4=&'( )"% <"=1J"&(199=)!'2/"'%.%/"0% {T}6 [90!/ "=(!3/ %!,- )"= Y"1/9=
Br )"= Y"=%,-!"3&'( )"= 3"!)"' P99=)!'2/"'%.%/"0" J&U
r = BxT − 0 =
BxT 8V6]_A
 ! !"!#!$ %&'()*'(&+),  !" >=!"'/!"=&'( )"% <"=1J"&(199=)!'2/"'%.%/"0% {T} 12'' 0!/ )"'
'&' 3"12''/"' B!'-"!/%H"1/9="' 5!" &'/"= V6V6`6_ 3"%,-=!"3"' 3"=",-'"/ 5"=)"'6
 ! !"! -.&'.)*( /01%20/
 !"%" Y2=!2'/" 8@336 V6V )AA 3"%!/J/ J5"! 42=2++"+ 2'("9=)'"/" 8%!'(&+2=!/a/%=93&%/"A [,-"!3"'%.%C
/"0" 0!/ F" b \="!-"!/%(=2)"' 8@336 V6`A6  !" J5"!  ="-:="!-"!/%(=2)" )"= [,-"!3"'%.%/"0" "=-2+/"'
)!" O"J"!,-'&'("' ϕ1,4 &') ϕ2,46
 2% Y"=3!')&'(%"+"0"'/ 5!=) )&=,- )!" @'+"'14&'1/
BxD,j)"= [,-"!3"'%.%/"0" (":E-=/6 [9C
0!/ !%/ J&'a,-%/ "!'" Y"=%,-!"3&'( !' x− &') y−R!,-/&'( %95!" "!'" Y"=)="-&'( &0 )!" x− &')
y−@,-%" )"% Y"=3!')&'(%"+"0"'/% 0$(+!,-6 N&= R"2+!%!"=&'( )"= Y"=)="-&'( &0 )!" z−@,-%" )"%
Y"=3!')&'(%"+"0"'/% %95!" "!'" Y"=%,-!"3&'( !' )!"%"= R!,-/&'( 5!=) )"= &'23-a'(!("  ="-:="!C
-"!/%(=2) )"= @'+"'14&'1/" ("'&/J/6  !" Y"=)="-&'( "=:9+(/ )!="1/ 0!/ K!+:" )"% *+"!,-+2&:("+"'1%
8%!"-" G23"++" V6_; G.4 KA !' "!'"0 )"= [,-"!3"'%.%/"0" 8-!"= [,-"!3"'%.%/"0 A; H9='"A6  !" Y"=C
%,-!"3&'( "=:9+(/ E3"= )2% 2')"=" *+"!,-+2&:("+"'1; !' )"0 )!"% 0!/ "!'"0 L''"'("5!')" 8%!"-"
G23"++" V6_; G.4 LA 2&%("%/2//"/ !%/6
I"3"' )"' 3!%-"= H"=5"')"/"' *=$ß"' :E= )!" Y"=)="-&'( )"= "!'J"+'"' [,-"!3"' 0&%% -!"=
2+%9 J&%a/J+!,- )!" [/"!(&'( p )"= *"5!')"%4!')"+ 3"=E,1%!,-/!(/ 5"=)"'6
 ! !"! !$ 3.,( 4(5 678  "= TCP +!"(/ 2&: "!'"= *"=2)"' )&=,- )!" @'+"'14&'1/" )"= [,-"!C
3"'%.%/"0" _ 8AA &') ` 8BAU
BxD,1 =
BxD,A =

 r1,A cosϕ1,A + r2,A cosϕ2,A + r3,A cosϕ3,Ar1,A sinϕ1,A + r2,A sinϕ2,A + r3,A sinϕ3,A
0

+ BxS1,A 8V6]`A
BxD,B =

 r1,B cosϕ1,B + r2,B cosϕ2,B + r3,B cosϕ3,Br1,B sinϕ1,B + r2,B sinϕ2,B + r3,B sinϕ3,B
0

+ BxS1,B 8V6]bA
8V6]VA
X]
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !" #$%" &"' TCP (")"*+,"- '!*+ ./0%",&")1$ß",3
BxT =
BxD,A + t ·
(
BxD,B −
BxD,A
)
456789
1!-
t = p · ϕ4,A 4567:9
;/("! p &!" <-"!%=,% &") >";!,&"'?!,&"0 =,& ϕ4,A &")  )"+;!,@"0 &") >";!,&"'?!,&"0 !'-6
 ! !"! !" #$%&'(%&$)'*  !" A)!",-!")=,% ρB θB ψ &"' TCP (")"*+,"- '!*+ C=,D*+'- 1!- E!0."
"!,") FG*@;D)-'("-)$*+-=,% &") F/-$-!/,'1$-)!H6
 !" $,%",/11"," F/-$-!/,''"I=",C !'- xyzB &6+6 "' ;!)& C=")'- &!" F/-$-!/, =1 &!" x−J*+'"
&"' K$'!'@//)&!,$-",'L'-"1B &$,, &!" =1 &!" ,"=" y−J*+'" 4yM9 &"' N")@C"=%@//)&!,$-",'L'-"1'
=,& C=0"-C- &!" =1 &!" C;"!1$0 %"&)"+-" z−J*+'" 4zO9 P")&)"+-6  !"'" 0"-C-"  )"+=,% 0!"%- "H?0!C!-
$0' ϕ4,B P/) =,& ;!)& %"'/,&")- ("-)$*+-"-6
Q/1N")@C"=%@//)&!,$-",'L'-"1 {T} !'- C=,D*+'- &") ",&%G0-!%" z−R!,+"!-'P"@-/) TeT,z("@$,,-3
&") ,/)1!")-" Q")(!,&=,%'P"@-/) &") J,0",@?=,@-"6  !"'") '/00 !1N")@C"=%@//)&!,$-",'L'-"1 &!"
S//)&!,$-",
[
0 0 1
]T
+$(",6 </1!- !'- &") Q"@-/) P/) =,& ,$*+ &") Q")&)"+=,% =1 x =,&
yM ("@$,,- =,& &!" #T'=,% &") >0"!*+=,%
T
Tez =
[
0 0 1
]
= Rz(ψ) ·Ry(θ) ·Rx(ρ) ·
BxD,2 −
BxD,1
|BxD,2 − BxD,1|
= Rz(ψ) ·Ry(θ) ·Rx(ρ) ·
T
Bez 4567U9
1!-
BxD,2 −
BxD,1
|BxD,2 − BxD,1|
= BT ez 4567V9
$0' S//)&!,$-", &"' z−R!,+"!-'P"@-/)' &"' N")@C"=%@//)&!,$-",'L'-"1' {T} !, K$'!'WS//)&!,$-",
{T} =,&Rz(ψ)BRy(θ)BRx(ρ) $0' F/-$-!/,'1$-)!C", =1 &!" ",-'?)"*+",&", J*+'", @$,, %".=,&",
;")&",6
XG) C=,D*+'- ψ = 0 .D00- &!" F/-$-!/, =1 z =,& &$1!- &") Y")1 Rz(ψ) ;"% =,& &!" R!,.$*++"!-
&") P/)0!"%",&", Q"@-/)", 0D''- "' C=B &!" >0"!*+=,% 567U =,& &!" F/-$-!/,'1$-)!H
Ryx(ρ, θ) = Ry(ρ) ·Rx(θ) 456779
./0%",&")1$ß", =1C=./)1",3
0 = Ryx,13 ·
BeT,z,1 456Z[[9
0 = Ryx,23 ·
BeT,z,2 456Z[Z9
1 = Ryx,33 ·
BeT,z,3. 456Z[\9
456Z[]9
"' ./0%-3
(cosψ · sin θ · cos ρ+ sinψ · sin ρ) · T eB,z,1 = 0 456Z[59
(sinψ · sin θ · cos ρ− cosψ · sin ρ) · T eB,z,2 = 0 456Z[89
cos (θ) · cos (ρ) · T eB,z,3 = 1 456Z[:9
=,& @$,, ^ =,-") &") Q/)$=''"-C=,%B &$'' ψ +!") _=00 !'- ^ ,$*+ ρ =,& θ $=.%"0T'- ;")&",
ρ = − arcsin
(
−TBez,2
)
456Z[U9
θ = arcsin
(
−TBez,1
cos (ρ)
)
456Z[V9
#"-C-",&0!*+ !'- $=' &")  "ﬁ,!-!/, &") Q")&)"+;!,@"0 ("@$,,-B &$''
ψ = ϕ4,B 456Z[79
V[
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !!"#$%&' ()*+ ,-"./012345/%6237 *489:4* &2& ;"&'%< ;=>?7/1";=>? 8/3;1?##%&' $?3 @ 84
A2&;13%01"2& 7"1 '?Bﬀ&?1?7 D?>E%;? %&$ 2>&?  &13"?!?) FG D?>E%;? H>"?3 >/#! '?Bﬀ&?1G< IG
D#?"=>#/%6'?#?&0 J23&?< KG L?3!"&$%&';?#?7?&1< (G TCP < MG 0#?"&? N=>?"!? J23&?< *G 7"11#?3? N=>?"4
!? J23&?< OG '32ß? N=>?"!? J23&?< QG R/>&3"&'? J23&?< SG '32ß? N=>?"!? >"&1?&< FTG D#?"=>#/%6'?#?&0
>"&1?&< FFG 0#?"&? N=>?"!? >"&1?&< FIG 7"11#?3? N=>?"!? >"&1?&< FKG R/>&3"&'? >"&1?&
 !" #$%&'(&( )*$+,-(./&( 0'123&, )&' 4+'-+$5& 6789:76 $1$7
(-$;<
8/; "&J?3;? $U&/7";=>? V32!#?7 W"3$ '?#B;1< %7 !?" '?'?!?&?3 V2;? H931 %&$ 93"?&1"?3%&'G xe $"?
6X3 $"? ,33?"=>%&' ?"&? !?;1"771?& D?;=>W"&$"'0?"1 x˙e %&$ 5?;=>#?%&"'%&' x¨e $?; TCP &B1"'?
HY"&0?#4GD?;=>W"&$"'0?"1 ϕ %&$ 5?;=>#?%&"'%&' ϕ˙ $?3  &13"?!? .% !?3?=>&?&) 8"? 5?3?=>&%&'
$?3 "&J?3;?& 8U&/7"0 ?3#/%!1 $"? Z2$?##"?3%&' $?; Z/&"-%#/123;) N27"1 0/&& /%6 $"?;? Y?";? !?"
!?0/&&1?&  &623$?3%&'?& /& $"? $U&/7";=>?& ,"'?&;=>/61?& $?; Z/&"-%#/123; %&$ !?" !?0/&&1?3
02&03?1?3  %;6X>3%&' $?3 Z/;=>"&?< $"? $"? Z/;;?& %&$ [3E'>?"1;727?&1?< $"? \?"!%&' ;2W"? $"?
\"=>1%&' $?; ,3$!?;=>#?%&"'%&';J?0123; $?1?37"&"?31< ?"&? :?;1#?'%&' $?3  &13"?!;;-?."ﬁ0/1"2&?&
?362#'?& 2$?3 $/; NU;1?7 6X3 $"?  %;#?'%&' ?"&?; \?'#?3; ;"7%#"?31 W?3$?&)
D?'?!?& ;"&$ $"? V2;? xe $?; TCP 4A223$"&/1?&;U;1?7; {T}< D?;=>W"&$"'0?"1 x˙e %&$ 5?;=>#?%4
&"'%&' x¨e $?; TCP < ;2W"? $"? 5?#/;1%&';03E61? %&$ 4727?&1?
f =
[
fx fy fz mx my mz
]T
.
R%;E1.#"=> ;"&$ $"? '?27?13";=>?& %&$ Z/;;?4!?>/61?1?& ,"'?&;=>/61?& $?; Z/&"-%#/123; "&
:237 $?3 D?#?&0/=>;?&4A223$"&/1?&< Z/;;?& %&$ [3E'>?"1;1?&;23?& !?0/&&1) Y?31? 6X3 $"? D?4
#?&03?"!%&'< ^%61W"$?3;1/&$ $?3 ,#?7?&1? 0B&&?& "& ?3;1?3 _E>?3%&' [/!?##?& 6X3 $"? D#?"1#/'?34
!?3?=>&%&' ?&1&277?& W?3$?& `Q(< QMa)
D?;%=>1 ;"&$ $"? Y"&0?#;1?##%&' $?3  &13"?!? ϕ< $"? Y"&0?#'?;=>W"&$"'0?"1 ϕ˙ ;2W"? $"? Y"&4
0?#!?;=>#?%&"'%&' ϕ¨ $?3 ?"&.?#&?& N=>?"!?& $?3 !?"$?& N=>?"!?&;U;1?7? %&$ $"? &B1"'?& 83?>724
7?&1? $?3  &13"?!? τ ) R% $?3?& 5?3?=>&%&' W"3$ !?" !?0/&&1?3 V2;? xe< D?;=>W"&$"'0?"1 x˙e %&$
5?;=>#?%&"'%&' x¨e $?; TCP 7"1 b"#6? $?3 c&J?3;0"&?7/1"0 $"? Y"&0?#;1?##%&' ϕ $?3 /=>1 ?"&.?#4
&?& N=>?"!?& !?3?=>&?1) 8/&& 0/&& $?3 D?;=>W"&$"'0?"1;J?0123 x˙e< $?3 /7 TCP W"301< X!?3 $"?
'?27?13";=>?& R%;/77?&>E&'? "& D?;=>W"&$"'0?"1;J?0123?& x˙D,A %&$ x˙D,B /& $?& .W?"  &#?&04
-%&01?& %7'?3?=>&?1 W?3$?&)  &/#2' W"3$ 7"1 $?7 5?;=>#?%&"'%&';J?0123 x˙e J?36/>3?&) Z"1 $?3
&%& !?0/&&1?& 5?;=>#?%&"'%&' x¨D,A %&$ x¨D,B $?3  &#?&0-%&01? $?3 N=>?"!?&;U;1?7? 0B&&?& 7"1
b"#6? $?; "1?3/1"J?& _?W12&4,%#?34 #'23"1>7%;d %&$ $?7 !?" @3/"' `IOa !?;=>3"?!?&?& L?36/>3?&
Y"&0?#'?;=>W"&$"'0?"1 ϕ˙i,j < $"? Y"&0?#!?;=>#?%&"'%&' ϕ¨i,j %&$ $"? 83?>727?&1? τi,j $?3 ?"&.?#&?&
N=>?"!?& !?3?=>&?1 W?3$?&)
QF
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !!"#$%&' ()*+ ,"- .-/0-&$-1-& 2-314/-&) ,56 7-/38-%'344/$"&51-&6961-: "61 ": TCP $-ﬁ&"-/1)
,"- 7"&3-# ρ< θ %&$ ψ '-!-& :"1 $-/ =4151"4&6:51/"> BTR $"- ?/"-&1"-/%&' $-6 7-/38-%'344/$"@
&51-&6961-:6 {T} "& =-#51"4& 8%: A56"6344/$"&51-&6961-: 5& {B})
BC
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !" #$%"&'#()%" *!$"+,%!- ."'%")% ,#' /0"! 1()"!."$'2'%"+"$ +!% 3" 4&"! 1()"!."$ #$4 5  67
89..: ;:<=:  !" 1()"!."$'2'%"+" '!$4 ->,?!,@ #$4 ,$A">&4$"%B 0>."! 4,' 4"+ TCP /#A"0,$4%"B
C>&4"&" 12'%"+ 812'%"+ A= ,+ 9$@"$-D#$-% "!$ +!% 4"+ 4"$ TCP 4"ﬁ$!"&"$4"$ F"&.!$4#$A'"@"G
+"$% ->&&"'D>$4!"&"$4"$ D&!'+,%!'()"$ H#"&'()$!%% ."'!%/% 8I,."@@" ;:JB I2D K=:  ,+!% !'% "!$"
F"&4&")#$A 4"' F"&.!$4#$A'"@"+"$%"' +LA@!():  ,' )!$%"&" 1()"!."$'2'%"+ 812'%"+ B= ."'!%/%
,+ 9$@"$-D#$-% "!$ M$$"$A"0!$4" 8I,."@@" ;:JB I2D M= #$4 4!"$% /#& F"&'()!".#$A 4"' F"&.!$G
4#$A'"@"+"$%"' !$ '"!$"& 9()'":
 !"!# $%&%'%(
 !"!#!# $%&'( )'&*+,-./-01'-2( 3'&*+4'5.-05.0
9..: ;:N A!.% "!$"$ O."&.@!(- P."& 4!" C"&0"$4"%"$ Q&Lß"$ #$4 S"/"!()$#$A"$:
Q"A"."$ '!$4 4!" T>'!%!>$
BxT '>0!" 4!" 6&!"$%!"&#$A ./0: F"&4&")#$A ρB θ #$4 ψ 4"' !+ TCP
4"ﬁ$!"&%"$ U"&-/"#A->>&4!$,%"$'2'%"+' {T} !$ S,'!'->>&4!$,%"$ {B}:
 !" F"&4&")#$A 0!&4 +!% K!@V" C>$ W#@"&0!$-"@$ #$4 4"& *>$C"$%!>$B /#$X()'% #+ 4!" x−B 4,$$
4!" C"&4&")%" y−9()'" yY #$4 /#@"%/% #+ 4!" /0"!V,() A"4&")%" z−9()'" zZ /# 4&")"$B ,$A"A"."$:
 "& F"&'()!"."C"-%>& 4"' U"&-/"#A->>&4!$,%"$'2'%"+' +,&-!"&% 4!" [,A" 4"' TCP A"A"$P."& 4"+
S,'!'->>&4!$,%"$'2'%"+:
\!% K!@V" 4"& W#@"&0!$-"@ -,$$ 4!" ]>%,%!>$'+,%&!?
B
TR(ρ, θ, ψ) =

 cψ · cθ cψ · sθ · sρ− sψ · cρ cψ · sθ · cρ+ sψ · sρsψ · cθ sψ · sθ · sρ+ cψ · cρ sψ · sθ · cρ− cψ · sρ
−sθ cθ · sρ cθ · cρ


8;:JJ^=
+!% 4"$ 9.-P&/#$A"$ c VP& *>'!$#' #$4 s VP& 1!$#' V>&+#@!"&% 0"&4"$: 9#' Q&P$4"$ 4"&
O."&'!()%@!()-"!% 0#&4" ,#V 4!" _>%!"&#$A 4"& `"!%,.)X$A!A-"!% 4"& U!$-"@ C"&/!()%"%:
 !" %&,$'@,%>&!'()" Q"'()0!$4!A-"!% 4"' TCP Bx˙T #$4 4!" W#@"&0!$-"@A"'()0!$4!A-"!% ρ˙B θ˙ #$4
ψ˙ '>0!" 4!" S"'()@"#$!A#$A Bx¨T #$4 4!" U!$-"@."'()@"#$!A#$A ρ¨B θ¨ #$4 ψ¨ '!$4 "."$V,@@' ."-,$$%:
 !"!#!6 $7879'2'8
ri,j ],4!"$ 4"& 1()"!."$'2'%"+"
nj _>&+,@"$C"-%>&"$ 4"& 1()"!."$'2'%"+"."$"$
Ci,j I&XA)"!%'%"$'>&"$ ,@@"& ."0"A%"$ W@"+"$%" ."/>A"$ ,#V !)&"$ 1()0"&D#$-%:
mi,j \,''"$ ,@@"& ."0"A%"$ W@"+"$%"
iPi+1 [,A" 4"& Q"@"$-D#$-%" /#+ i+ 1G%"$ Q"@"$- VP& ."!4" 1()"!."$'2'%"+":
iSPi+1 [,A" 4"& 1()0"&D#$-%" ,@@"& ."0"A%"$ W@"+"$%" !$ ]"@,%!>$ /# !)&"+
 &")D#$-% VP& ."!4" 1()"!."$'2'%"+":
i O."&'"%/#$A'C"&)X@%$!''" 4"& 1()"!."$ #$4 `0!'()"$&!$A" VP& ."!4" 1()"!."$'2'%"+":
p 1%"!A#$A 4"' Q"0!$4"' ,+ F"&.!$4#$A'"@"+"$%:
 !"!) $%*+,-.
U!$-"@A"'()0!$4!A-"!% ϕi,j B U!$-"@."'()@"#$!A#$A ϕ˙i,j #$4  &")+>+"$%" τi,j 4"& "!$/"@$"$ 1()"!G
."$:
 !"!/ 012&%-%(*3%4*%
 !"!:!# ;<'828705.0 /'8 =54'8,-.1'40'&*+,-./-01'-2 -.& 37&-&1%%8/-.72'.&>&2'9
 !" F>&A")"$'0"!'" /#& F"&,@@A"+"!$"&#$A 4"& W#@"&0!$-"@A"'()0!$4!A-"!% 4"' U"&-/"#A->>&4!$,G
%"$'2'%"+' !+ S,'!'->>&4!$,%"$'2'%"+ !'% ."! 9$A"@"' a<b ."'()&!"."$:  ,/# 0!&4 4!" Q@"!()#$A
Bx = TBR (t) ·
Tx 8;:JJJ=
$,() t 4!ﬀ"&"$/!"&% #$4 VP)&% /#
Bx˙ = TBR˙ (t) ·
Tx. 8;:JJd=
e5
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !" #"$$% &'() *'+  +,-./'0*'&1+')
Bx˙ *+, 2301)+, Bx '4 5667*'08)+0,9,)+4 {B} 80: *'+ 83;
 730* +'0+7 <'01+!=0*+730&: /'+ ,'+ '0
T
BR˙ (+,-.7'+(+0 ',): +0),)+.): (+,')>) ?+*6-. *+0 @8-.)+'!:
*8,,
Tx (+1800) ,+'0 43,,"
<+7*+0 *'+  !+'-.30&+0 #"$$$ 30* #"$$% >3,844+0&+;A.7): ,6 +7&'() ,'-.
Bx˙ = TBR˙ (t) ·
T
BR (t) ·
Bx. B#"$$CD
E, &'!) *8(+'
T
BR˙ (t) ·
T
BR (t) = ω˜ B#"$$#D
4')
ω˜ =

 0 −ωz ωyωz 0 −ωx
−ωy ωx 0

 , B#"$$FD
30* *+0 G+78!!&+4+'0+7)+0 <'01+!&+,-./'0*'&1+')+0
ω =
[
ωx ωy ωz
]
. B#"$$HD
<'7* 030 *'+ I6)8)'60,48)7'J 4') *+7 +0),K7+-.+0*+0 I6)8)'60,,+L3+0> .'+7 +'0&+,+)>): ,6
+7&'() ,'-.

 ωxωy
ωz

 =

 1 0 sθ(t)0 cρ(t) −sρ(t) · cθ(t)
0 sρ(t) cρ(t) · cθ(t)

 ·

 ρ˙(t)θ˙(t)
ψ˙(t)

 . B#"$$MD
E0),K7+-.+0*+, N4,)+!!+0 ;A.7) >3 *+7  !+'-.30&
ωT =

 ρ˙(t)θ˙(t)
ψ˙(t)

 =

 1 sθsρcθ −sθcρcθ0 cρ sρ
0 −sρcθ
cρ
cθ

 ·

 ωxωy
ωz

 , B#"$$OD
/6(+' *+7 (+,,+7+0 P(+7,'-.)!'-.1+') /+&+0 /'+*+7 83; *'+ @6)'+730& *+7 >+')!'-.+0 Q(.=0&'&1+')
*+7 <'01+! '0 *+7 R8)7'J G+7>'-.)+) /37*+"
S'ﬀ+7+0)'8)'60 !'+;+7) *'+ <'01+!(+,-.!+30'&30&+0

 ω˙xω˙y
ω˙z

 =

 1 0 sθ0 cρ −sρ · cθ
0 sρ cρ · cθ

 ·

 ρ¨(t)θ¨(t)
ψ¨(t)

+

 cθθ˙ψ˙−sρρ˙θ˙ + sθsρθ˙ψ˙ − cθcρρ˙ψ˙
cρρ˙θ˙ − sθcρθ˙ψ˙ − cθsρρ˙ψ˙

 . B#"$$UD
30* +'0+ N4,)+!!30& +7&'() ,-.!'+ß!'-.
ω˙T =

 ρ¨(t)θ¨(t)
ψ¨(t)

 =

 1 sθsρcθ −sθcρcθ0 cρ sρ
0 −sρcθ
cρ
cθ

 ·



 ω˙xω˙y
ω˙z

−

 cθθ˙ψ˙−sρρ˙θ˙ + sθsρθ˙ψ˙ − cθcρρ˙ψ˙
cρρ˙θ˙ − sθcρθ˙ψ˙ − cθsρρ˙ψ˙




B#"$%WD
 !"!#!$ %&'&()*+*, -&' .&/()01*-1,2&13 -&' 4*5&*26+*23&
S'+  +,-./'0*'&1+') *+7 >/+' Q0!+01K301)+ xD,A 30* xD,A (+7+-.0+) ,'-. (+' &+&+(+0+7 )780,!8X
)67',-.+7 30* 76)8)67',-.+7  +,-./'0*'&1+') x˙e *+, TCP /'+ ;6!&) BQ((" #"OD" Q!!+ Y+7+-.030&+0
+7;6!&+0 '4 Y8,',1667*'08)+0,9,)+4 {B}: *8.+7 /'7* >37 (+,,+7+0 P(+7,'-.)!'-.1+') 83; *'+ E7/=.X
030& *+, 5667*'08)+0,9,)+4, G+7>'-.)+)"
Z+'
r1 = xT − xD,A B#"$%$D
*+7 [+1)67 G64 TCP >34 Q0!+01K301) *+, +7,)+0: G67*+7+0 Z-.+'(+0,9,)+4, A 30*
r2 = xT − xD,B B#"$%%D
O#
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !!"#$%&' ()*+ ,-"../ 0,12&"33$4563/##%&'7 yz−8!/&/9 .%5 :/54&6124%#"12%&' $/5 :;5'/2/&6</"6/
!/" $/5 =/5/12&%&' $/5 >/612<"&$"'-/"3/& $/5  &#/&-?%&-3/) =/354123/3 <"5$ &%5 /"& ,12/"!/&@
6A63/B7 $4 $"/ C!/5#/'%&' DE5 !/"$/ ,A63/B/ 4&4#;' '"#3) F46 4#6 6/&-5/123/5 =4#-/& "##%635"/53/
,12/"!/&6A63/B "63 2"/5 B"3 /"&/B G%'/#612%!'/#/&- 0HA? >7 H4!) ()I9 $45'/63/##3) F/5 :/5612"/@
!/D5/"2/"36'54$ <"5$ "& /"&/B $/5 :/5$5/2D5/"2/"36'54$ "B 4&$/5/& ,12/"!/&6A63/B 4-3%"/53)
ϑ 6/" $/5 J"&-/# .<"612/& $/5  126/ $/6 :/5!"&$%&'6/#/B/&3/6 %&$ $/B 354&6#43;5"612/& >/@
612<"&$"'-/"36K/-3;5)
ϑ = arccos
B
T ez · x˙T
|x˙T |
0()ILM9
B"3 r0 =
r1
|r1|
4#6 &;5B"/53/B N"123%&'6K/-3;5 $/6 :/5!"&$%&'6/#/B/&3/6)
F"/ >/612<"&$"'-/"3 $/6 :/5!"&$%&'6/#/B/&3/6 "& 6/"&/5  1265"123%&'
B
T ez  !" #$% &% '"( &)%*+
",-$' .$/$0!'0"1)23)'$'&$ #$" TCP 45($*&0$",-/*'#*01$*&6 *"& # ''
x˙T,slide = |x˙T | · cosϑ 4789:76
;<% #*$ 0$"!,-&$ 5$",-/*'#*01$*& #$% ='($'13!'1&$ *' #$% >?$'$ #$% @,-$*?$'"A"&$2$ 0*(&B # ""
#*$"$ #$' x− !'# y− C)23)'$'&$' #$% "$'1%$,-& D!% 5($*&0$",-/*'#*01$*& (*$0$'#$' 5$",-/*'+
#*01$*& #$" E$%?*'#!'0"$($2$'&$" 0($*,- *"&8 @)2*& *"& #*$ 5$",-/*'#*01$*& #$% ='($'13!'1&$B #*$
 !" #$2 &% '"( &)%*",-$' ='&$*( #$% 5$",-/*'#*01$*& #$" TCP %$"!(&*$%&
Bx˙D,j,trans =
∣∣Bx˙T ∣∣


sinϑx
cos ηx
sinϑy
cos ηy
0

 4789:F6
2*& ϑx !'# ϑy  (" G*'1$( D/*",-$' #$% z+=,-"$ #$" E$%?*'!#'0"$($2$'&" !'# #$""$' &% '"( +
&)%*",-$% 5$",-/*'#*01$*&
Bx˙T 3%)H$D*$%&  !I #*$ xz+ !'# yz+>?$'$' #$" . "*"1))%#*' &$'"A"&$2"
{B}
ϑx = arccos


[
BeT,x
BeT,z
]
·
[
Bx˙T,x
Bx˙T,z
]
∣∣∣∣
[
BeT,x
BeT,z
]∣∣∣∣ ·
∣∣∣∣
[
Bx˙T,x
Bx˙T,z
]∣∣∣∣

 4789:J6
KF
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
ϑy = arccos


[
BeT,y
BeT,z
]
·
[
Bx˙T,y
Bx˙T,z
]
∣∣∣∣
[
BeT,y
BeT,z
]∣∣∣∣ ·
∣∣∣∣
[
Bx˙T,y
Bx˙T,z
]∣∣∣∣

  !"#$%&
'() ηx '() ηy *+, )-. /-(0.+ 12-,34.( ).( z−534,.( 67( /.801.'9: {T} '() ;*,-,0778)-(*:
<.(,=,<.> {B} ?87@.1-.8< *'A )-. xz: '() yz:BC.(. )., ;*,-,0778)-(*<.(,=,<.>,"
ηx = arccos


[
BeT,x
BeT,z
]
·
[
BeB,x
BeB,z
]
∣∣∣∣
[
BeT,x
BeT,z
]∣∣∣∣ ·
∣∣∣∣
[
BeB,x
BeB,z
]∣∣∣∣

  !"#$D&
ηy = arccos


[
BeT,y
BeT,z
]
·
[
BeB,y
BeB,z
]
∣∣∣∣
[
BeT,y
BeT,z
]∣∣∣∣ ·
∣∣∣∣
[
BeB,y
BeB,z
]∣∣∣∣

  !"#$E&
F-. z−G7>?7(.(<. 67( Bx˙D,j,trans 1' H'++ 9.,.<1< 2-8)I )* -> 678).8.( J34.-C.(,=,<.> 0.-(.
<8*(,+*<78-,34. K.,342-()-90.-< *'A )*, L.8C-()'(9,.+.>.(< MC.8<8*9.( 2.8).( 0*((  K+.-34+*'A:
9.+.(0 >-< N((.(?87ﬁ+&"
PM8 ).( 5(<.-+ ).8 K.,342-()-90.-< ).8 5(+.(0?'(0<.I ).8 *', ).8 87<*<78-,34.( K.,342-()-9:
0.-< )., TCP 8.,'+<-.8<I 9-+< *++9.>.-(
x˙Dj,rot = ωT × rj  !"#QR&
F-. L.0<78.( x˙D,j,rot 2.8).( -( .-(.( 5(<.-+ -( ).8 BC.(. ).8 J34.-C.(,=,<.>. '() .-(.(
,.(08.34< )*1' *'A9.<.-+<" N> 678).8.( J34.-C.(,=,<.> 2-8) )-.,.8 z−5(<.-+ -9(78-.8<I -> 4-(<.8.(
)-.(< .8 *+, 1',S<1+-34. L789*C. AM8 )*, F8.49.+.(0 >-< ).> N((.(9.2-()."
F-. <8*(,+*<78-,34.( '() 87<*<78-,34.( K.,342-()-90.-<,*(<.-+. 2.8).( ,'?.8?7(-.8< '() ,7>-<
1'
x˙D,A,ges = x˙D,A,trans + x˙D,A,rot  !"#Q#&
C12"
x˙D,B,ges = x˙D,B,trans + x˙D,B,rot  !"#Q$&
27C.- AM8 )-. 2.-<.8. ;.8.34('(9 ('8 )-. x− '() y−G778)-(*<. 67( N(<.8.,,. -,<"
PM8 ).( AM8 ).( L78,34'C -( z−T-34<'(9 1',<S()-9.( 5(+.(0?'(0< )., 4-(<.8.( J34.-C.(,=,:
<.>, B 9-+< .-(. T7<*<-7(,9.,342-()-90.-< 67(
ϕ˙4,B =
|x˙T,trans|+ x˙D,B,ges,z
p · cos η
 !"#QQ&
>-<
η = arccos
B
Tez · nB
|nB |
.  !"#Q!&
*+, ).> /-(0.+ 12-,34.( ).8 z−534,. )., L.8C-()'(9,.+.>.(<., '() ).> H78>*+.(6.0<78 ).,
4-(<.8.( J34.-C.(,=,<.>,"
PM8 ).( AM8 )-. L.8)8.4'(9 )., L.8C-()'(9,.+.>.(<., 1',<S()-9.( 5(+.(0?'(0< )., 678).8.(
J34.-C.(,=,<.>, A 9-+< .-(. T7<*<-7(,9.,342-()-90.-< 67(
ϕ˙4,A = ψ˙ +
|x˙T,slide|
p
.  !"#QU&
DV
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !"!#!# $%&%'()*+ ,%& $%-'(.%)*/+)*+ ,%& 0*.%*12)*13%
 !" #"$%&'"()!*()* +", -)'")./().0"
Bx¨D,A ()+
Bx¨D,B 1(2 3,()+ +", 4"$%&'"()!*0") #"5"6
*()* +"$ TCP 4"$!070 "!)") 0,1)$'108,!$%&") -)0"!'9 +", *")1( +", #"$%&'"()!*()* +"$ TCP Bx¨T
")0$/,!%&09 "!)") -)0"!' ω˙T × rj 9 +", 1($ +", :!)."'4"$%&'"()!*()* ()+ +"; -4$01)+ &",,<&,09
"!)") -)0"!' ωT × (ωT × rj)9 +", 1($ +", =")0,!/"01'4"$%&'"()!*()* $85!" "!)") -)0"!' 2 · (ωT × r˙j)
+", 1($ +", >8,!8'!$4"$%&'"()!*()* $01;;0? @"070",", 5!,.0 +") 1)+",") ")0*"*") ()+ 5!,+ +1&",
14*"78*")?
 !" #"$%&'"()!*()*") +", -)'")./().0" 1(2 3,()+ A8) #"$%&'"()!*()* ()+ 3"$%&5!)+!*."!0
+"$ TCP 475? +"$ B",4!)+()*$"'";")0"$ 4","%&)") $!%& 1'$8 7(
x¨D,j,tot = x¨T + ω˙T × rj +ωT × (ωT × rj)− 2 · (ωT × r˙j) . CD?EFGH
I<, +!" 5"!0",") #","%&)()*") 5!,+ +!" z−J8;/8)")0" +", #"$%&'"()!*()* +"$ -)'")./().0"$
+"$ A8,+",") K%&"!4")$L$0";$ 7( M('' *"$"0709 +1 &!", +!" #"$%&'"()!*()* !) +!"$", N!%&0()* ."!)"
:!,.()* &14") .1))? I<, +!" :!)."'4"$%&'"()!*()* +"$ 3"'").$ !; -)'")./().0 +"$ A8,+",")
KL$0";$ *!'0 +!" #"7!"&()*
ϕ¨4,A = ψ¨ CD?EFOH
 !" z−J8;/8)")0" +", #"$%&'"()!*()* +"$ -)'")./().0"$ !; &!)0",") K%&"!4")$L$0"; B 5!,+
")0$/,"%&")+ +", #"7!"&()*
ϕ¨4,B =
x¨DB,ges,z
p · cos η
CD?EFPH
7(, #","%&)()* +", :!)."'4"$%&'"()!*()* !;  ,"&*"'"). +"$ -)'")./().0"$ !; &!)0",") K%&"!6
4")$L$0"; B &",1)*"78*")?
 !"!#! $%&%'(*)*+ ,%& -343/-'(%* 5&673% )*, 89:%*3% /* ,%* 0*.%*12)*13%*
 !" Q(ß"," J,120 fext =
[
fx fy fz
]T
()+ +1$ Q(ß"," S8;")0 mext =
[
mx my mz
]T
'1$6
$") $!%& ;!0 T!'2" +"$ J,1206 ()+ S8;")0")*'"!%&*"5!%&0$ !) !) +") -)'")./().0") xD,j 5!,.")+"
J,Q20" fF,j 475? fM,j (;,"%&)") C-44? D?UH?
KL$0"; A C-44? D?O9 A8,+","$ KL$0";HV
fF,A =


−(xT,z−xD,A,z)fx−(xT,x−xD,A,x)fz
(xD,A,z−xD,B,z)
−(xT,z−xD,A,z)fy−(xT,y−xD,A,y)fz
(xD,A,z−xD,B,z)
0

 CD?EFUH
KL$0"; B C-44? D?O9 &!)0","$ KL$0";HV
fF,B =


−(xT,z−xD,A,z)fx−(xT,x−xD,A,x)fz
(xD,A,z−xD,B,z)
−(xT,z−xD,A,z)fy−(xT,y−xD,A,y)fz
(xD,A,z−xD,B,z)
0

− f , CD?EDWH
X!)7!* +1$ &!)0"," K%&"!4")$L$0"; B9 +1$ 2<, +!" z−B",$%&!"4()* +"$ :"0.7"(*.88,+!)16
0")$L$0";$ {T} A",1)058,0'!%& !$09 .1)) J,Q20" !) z−N!%&0()* 1(2)"&;") ()+ <4",)!;;0 +!"
z−J8;/8)")0" +", $010!$%&") #"'1$0()*$.,120?
I<, +!" #","%&)()* +", $!%& 1($ +", $010!$%&") S8;")0")4"'1$0()* mext +"$ TCP 1) +") -)6
'")./().0") xD,j ",*"4")+") J,Q20" 5",+") 7()Q%&$0 +!" x− ()+ y−J8;/8)")0") +"$ S8;")6
0")A".08,$ 4"0,1%&0"0?  1$ S8;")0 5!,+ !) +", xz− ()+ yz−X4")" A8) Y"5"!'$ "!)"; J,Q20"/11,9
+1$ !) +") -)'")./().0") +", K%&"!4")$L$0";" 1)*,"!209 1(2*")8;;")? X$ *!'0 $8;!0 2<, +!" J,Q20"
!) +") -)'")./().0")9 +!" 1(2 3,()+ "!)", S8;")0")4"'1$0()* +"$ TCP ")0$0"&")V
fM,A = −
1
d

 mxmy
0


CD?EDEH
()+
fM,B =
1
d

 mxmy
0

 , CD?EDZH
PO
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !!"#$%&' ()*+ ,-./012"3-./  &3"-.2 4yz−5!/&/6 $/7 897 $"/ :/7/-.&%&' $/7 3212"3-./ ;7<82/ %&$
=>0/&2/ "& $/&  &#/&?@%&?2/& xD,j A/7B/&$/2/& C/?2>7/&) D>@@/#@8/"#/ 3E0!>#"3"/7/& D7/.0>F
0/&2/)
0"2
d =
√
(xS1,A − xS1,B)
T
(xS1,A − xS1,B) 4()G(H6
D"/ ;7<82/I $"/ "& $/&  &#/&?@%&?2/& xD,j 1%3 $/7 3212"3-./& :/#132%&' $%7-. ;7<82/ !JB)
=>0/&2/ 10 TCP 7/3%#2"/7/&I B/7$/& 1$$"/72)
5"&J"' $13 A>7$/7/ ,-./"!/&3E32/0 AI $13 897 $"/ C/7$7/.%&' $/3 TCP F;>>7$"&12/&3E32/03
%0 $"/ z− -.3/ A/71&2B>72#"-. "32I ?1&& =>0/&2/&!/#132%&' 1%8&/.0/& %&$ 9!/7&"002 $"/
z−;>0@>&/&2/ $/3 3212"3-./& :/#132%&'30>0/&2/3)
K97 $"/ D7/.0>0/&2!/#132%&' $/3 A>7$/7/& ,-./"!/&3E32/03 AI $13 $"/ z−;>0@>&/&2/ $/3
:/#132%&'30>0/&2/3 1%8&"002I '"#2
mA =
[
0 0 mz
]T
. 4()G((6
K97 $13 ."&2/7/ ,-./"!/&3E32/0 B '"#2I $133 9!/7 $13 D7/.0>0/&2 10  &#/&?@%&?2 xD,B $"/
z−;>0@>&/&2/ $/7 :/#132%&'3?7182 %&2/7 :/79-?3"-.2"'%&' $/7 L/"!%&' "0 M/B"&$/ 1%8'/&>0F
0/& B/7$/& 0%33) 53 !/7/-.&/2 3"-. &1-. NOHP J%
mB =

 0 0 fB,tot,zcos(η) · 12dF · tan

arctan( ppi·dF
)
+ arctan

 µR
cos
(
β/2
)






T
. 4()G(Q6
0"2+
dF K#1&?/&$%7-.0/33/7 $/3 M/B"&$/3
β K#1&?/&B"&?/# $/3 M/B"&$/3
µR L/"!!/"B/72 "0 M/B"&$/
R%3100/&'/81332 '/#2/& $"/ 8>#'/&$/& :/#132%&'3?7<82/F !JB) =>0/&2/ 897 $"/ ,-./"!/&3E32/0/
A %&$ B+
fA = fF,A + fM,A 4()G(S6
fB = fF,B + fM,B 4()G(T6
OO
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !"
mA =

 00
mA,z


#$%&$'(
mB =

 00
mB,z

 . #$%&$)(
*+, "-! ! ! .-/0!!,-! 1-2345+!"+6/-+,-! x˙D,j  !" 7-2348- !+6 !6-! x¨D,j "-9 :!8-!/; !/,-
xD,j 2<5+- "-9 0 = 2+- 5+9/-!"-! >9?=,- fj  !" *<@-!,- mj /A!!-! "+- B+!/-86-2345+!"+6/-+,-!
ωj,i = ϕ˙i,j  !" C.-2348- !+6 !6-! ω˙j,i = ϕ¨i,j "-9 D34-+.-!  !" "+- =E9 "+- 6-5E!234,- 7-5-6 !6
!A,+6-! F9-4@<@-!,- τj,i .-9-34!-, 5-9"-!%
 !"!#!" $%&%'()*)+ ,%& -.)/%0+%1'(2.),.+/%.3 ,%& 4'(%.5%)
*+, G+8=- "-9 H!I-92/+!-@0,+/ #:.234!+,, $%$%&%&( /A!!-! "+- D34-+.-!5+!/-8 ϕi,j .-9-34!-, 5-9"-!%
F+- B+!/-8 2+!" J5+234-! "-! /+!-@0,+234-! K8-@-!,-! 6-@-22-!%
*+, G+8=- "-9 L0/<.+@0,9+M
J =
[
−r1s(ϕ1) − r2s(ϕ1 + ϕ2) − r3s(ϕ1 + ϕ2 + ϕ3) −r2s(ϕ1 + ϕ2) − r3s(ϕ1 + ϕ2 + ϕ3) −r3s(ϕ1 + ϕ2 + ϕ3)
r1c(ϕ1) + r2c(ϕ1 + ϕ2) + r3c(ϕ1 + ϕ2 + ϕ3) r2c(ϕ1 + ϕ2) + r3c(ϕ1 + ϕ2 + ϕ3) r3c(ϕ1 + ϕ2 + ϕ3)
]
#$%&NO(
"-9 P-5-+8+6-! D34-+.-!2Q2,-@- /A!!-! "+- B+!/-86-2345+!"+6/-+,-! "-9 D34-+.-! ϕ˙i,j 0 2 "-9
1-2345+!"+6/-+, "-9 :!8-!/; !/,- x˙D,j .-9-34!-, 5-9"-!%
F0.-+ 6+8, 0886-@-+!
dϕ = J−1dx ∼= J−1x˙ = ϕ˙. #$%&N&(
K+!6-2-,J, -96-.-! 2+34 =E9 "+- B+!/-86-2345+!"+6/-+,-! "-9 P-5-+8+6-! /8-+!-!R @+,,8-9-!  !"
69<ß-! D34-+.-
ϕ˙A = J
−1x˙D,A #$%&NT(
 !"
ϕ˙B = J
−1x˙D,B . #$%&NU(
F+- 7-9-34! !6 "-9 B+!/-86-2345+!"+6/-+,-! "-9 1-8-!/- ϕ˙4,A  !" ϕ˙4,B +! "-! :!8-!/; !/,-!
5 9"- +! :.234!+,, $%N%U%T 6-J-+6,%
 !"!#!6 $%&%'()*)+ ,%& 7&%(898%)3% ,%& 4'(%.5%)
*+, G+8=- "-2 .-+ V90+6 WTXY .-2349+-.-!-! +,-90,+I-! Z-5,<!CK 8-9C[-9=049-! 5-9"-! "+- 18-+C
34 !6-!R 5-834- "+- F9-4@<@-!,- .-2,+@@-!R J !?342, +! 0!08Q,+234-9 \<9@ 0 =6-2,-88,% : = "+-
>-!!J-+34! !6 "-9 I-/,<9+-88-! 19Aß-! 082 2<834- 5 9"- J 9 .-22-9-! ].-92+34,8+34/-+, I-9J+34,-,%
F+- =<86-!"- 7-9-34! !6 .-J+-4, 2+34 0 = -+! D34-+.-!2Q2,-@R 6+8, 0.-9 =E9 .-+"- 0!08<6%
 !"!#!6!: ;*12<&31 +%&.'(3%3% =3%&>3.9)%) ?9) 0.)/ 1 → 4 B+!/-86-2345+!"+6/-+, "-9
i− ten D34-+.-
ϕ˙4,B
i+1ωi+1 =
i+1
i R ·
iωi + ϕ˙i+1 ·
i+1zi+1 #$%&N$(
B+!/-8.-2348- !+6 !6 "-9 i− ten D34-+.-
i+1ω˙i+1 =
i+1
i R ·
iω˙i +
i+1
i R ·
iωi × ϕ˙i+1 ·
i+1zi+1 + ϕ¨ ·
i+1zi+1 #$%&NN(
7-2348- !+6 !6 "-2 i− ten 1-8-!/2
i+1v˙i+1 =
i+1
i R ·
(
iω˙i ×
ipi+1 +
iωi ×
(
iωi ×
ipi+1
)
+ iv˙i
)
#$%&N^(
7-2348- !+6 !6 "-2 D345-9; !/,-2 "-9 i− ten D34-+.-
i+1v˙C,i+1 =
i+1ω˙i+1 ×
i+1pC,i+1 +
i+1ωi+1 ×
(
i+1ωi+1 ×
i+1pC,i+1
)
+ i+1v˙i+1 #$%&NX(
')
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !"#$%!&'()&')"*+,-. ,&- /(! i+ 1− te 0#$!(1!
i+1f˜i+1 = mi+1 ·
i+1v˙C,i+1 2345678
 !"#$%!&'()&')"9:9!'. ,&- /(! i+ 1− te 0#$!(1!
i+1n˜i+1 = Ii+1 ·
i+1ω˙i+1 +
i+1ωi+1 × Ii+1 ·
i+1ωi+1 23456;8
 !"!#!$!% &'()*+, -.*/01+.+. &+.*2+/3'.' 43' 5/'6 4→ 1 <!%!'**+,-. (9 i− ten <!%!'*
ifi =
i
i+1R ·
i+1fi+1 +
if˜ 2345=>8
<!%!'*9:9!'. (9 i− ten <!%!'*
ini =
in˜i +
i
i+1R ·
i+1ni+1 +
ipC,i ×
if˜i +
ipi+1 ×
i
i+1R ·
i+1fi+1 2345=58
?&- /(! @+!$,#$"! 1!A:)!'!" ?'.+(!1"9:9!'. /!" i− ten <!%!'*"
τi =
inTi ·
izi 2345=B8
@(! <!C(#$."*+,-. %D"". "(#$ (' /(! E1!+%!)&') 9(. !('1!A(!$!'F ('/!9 -G+ /," 0 − te <!%!'*
!('!  !"#$%!&'()&') H:'
0v˙0 = g (' I(#$.&') /!" <!C(#$."*+,-.H!*.:+" ,')!':99!' C(+/4
@(! 9(. J(%-! /(!"!" K!+-,$+!'" !+9(..!%.!' H(!+ <%!(#$&')!' L! 0#$!(1!'"M".!9 %,""!' "(#$ (' /(!
N,""!'9,.+(O M(ϕ)F /!' P:+(:%("Q &'/ R!'.+(S!.,%*+,-.QK!*.:+ c(ϕ, ϕ˙) ":C(! /!' <!C(#$."*+,-.Q
H!*.:+ g(ϕ) ,&-"#$%G""!%' &'/ /&+#$ !('!' I!(1&')"H!*.:+ v(ϕ˙) !+)D'A!'F ": /,"" %!.A.!'/%(#$ /,"
/M',9("#$! N:/!%% !('!" 0#$!(1!'"M".!9" (' /!+ T:+9
τ j =Mj (ϕ) ϕ¨ + cj (ϕ, ϕ˙) + vj (ϕ˙) + gj (ϕ) . 2345=U8
1!"#$+(!1!' C!+/!' *,''4 @(! !('A!%'!' K!*.:+!' "('/ (9 ?'$,') P45 1!"#$+(!1!'4
R&+ V+9(..%&') /!+ @+!$9:9!'.! τ j (". /(! W!''.'(" H:' ϕ¨ 'X.()F L!/:#$ x¨ )!)!1!'4 V('
9X)%(#$!+ Y!) A&+ V+9(..%&') H:' ϕ¨ (". /(! C!(.!+! @(ﬀ!+!'A(!+&') /!+ <%!(#$&')
x˙ = J (ϕ) · ϕ˙ 2345=38
A&
x¨ = J (ϕ) · ϕ¨ +
dJ
dϕ
· ϕ˙. 2345=68
@(! [,*:1(9,.+(O !('!" UQ@\T ':'"(')& 0#$!(1!'"M".!9" (". (' <%4 3456> 1!"#$+(!1!'4 @(! ',#$
ϕ /(ﬀ!+!'A(!+.! [,*:1(9,.+(O *,'' (9 ?'$,') P45 !(')!"!$!' C!+/!'4
N(. J(%-! /!" ]!+9" 345=6 *,'' '&' /!+ R&",99!'$,') AC("#$!' /!+  !"#$%!&'()&') /!" ?'Q
%!'*S&'*.!" &'/ /!' ?'.+(!1"9:9!'.!' /!+ 0#$!(1!' $!+)!".!%%. C!+/!'4 V" (". L!/:#$ A& 1!,#$.!'F
/,"" /(! E1!+1!".(99.$!(. /!" 0M".!9" /,A& -G$+.F /,"" /(! [,*:19,.+(O '(#$. ('H!+.(!+. C!+/!'
*,''4 V" C(+/ /,$!+ !('! %('*""!(.()! N,.+(O/(H("(:' ,')!C,'/.4 <%4 345=6 (' <%4 345=U !(')!"!.A.
!+)(1. "#$%(!ß%(#$ /," /M',9("#$! N:/!%%
τ j =Mj (ϕ) ·
(
Jj (ϕ) \
(
x¨j −
dJ (ϕ)
dϕ
·ϕ˙
))
+ cj (ϕ, ϕ˙) + vj (ϕ, ϕ˙) + gj (ϕ) . 2345==8
@," N:9!'.F /," ,&- <+&'/ /!+ D&ß!+!' W+,-. &'/ ($+!+ E1!+"!.A&') /&+#$ /," K!+1('/&')"Q
!%!9!'. ,&- /(! ?'%!'*S&'*.! /!+ 0#$!(1!'"M".!9! &'/ ":9(. ,&- /(! ?'.+(!1! /!+ 0#$!(1!' C(+*.F
(". (' <%'4 345=5 &'/ 345=5 1!+G#*"(#$.(). C:+/!'4
 !"! #$%&'%%$()
@(! H:+%(!)!'/! ,',%M.("#$! _X"&') /!" ('H!+"!' /M',9("#$!' `+:1%!9" %(!-!+. !('! 9,.$!9,.("#$
G1!+"#$,&1,+!  !+!#$'&')")+&'/%,)! -G+ /!' VS(A,*.:+ (' /!+ K,+(,'.! =Q@\TQ= 9(. 0(')&%,+(Q
.D."H!+9!(/&')4 0(! 1(!.!. /(! NX)%(#$*!(. /!+ ?&-"S,%.&') /!+ _X"&') (' N,""!'9,.+(O M(ϕ)F
R!'.+(S!.,%Q &'/ P:+(:%("*+,-.H!*.:+ c(ϕ, ϕ˙)F I!(1&')"H!*.:+ v(ϕ˙) &'/ <!C(#$."*+,-.H!*.:+ g(ϕ) L!
;>
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !"#$%#&'(')#*+  $# #,*-./$!") #$&# #$&01!"# 234#//$#,5&. $&  $*5/1)$3&'6,3.,1**#& 5&4 41*$)
4$# '!"&#//# 5&4 #$&01!"# 7#./#,'(&)"#'#+
81' 9#,%$&45&.'#/#*#&) :$,4 $* ;%'!"&$)) <+=+> 1/' *1''#/3' 1&.#&3**#&+ ?& 4#, 15'.#0@",A
)#& B3&'),5C)$3& :$#.) 4$#'#' D#$/ *$) !1+ 12g #):1 4$# EF/0)# 4#, C/#$&')#&  !"#$%#G '341'' 4$#
;&&1"*# .#,#!")0#,)$.) #,'!"#$&)+ ;5!" %#$ .,-ß#, 15'.#0@",)#& B3&'),5C)$3&#& :$,4 41' 21''#&A
I#,"F/)&$' &5, 5&:#'#&)/$!" 1&4#,' 15'01//#&+ J5/#)K) %/#$%) 4$# 2-./$!"C#$)G 4$# 21''# 4#' 9#,A
%$&45&.'#/#*#&)#' "F/0)$. 4#&  !"#$%#&'(')#*#& K5K5'!"/1.#&G :$# 4$#' K5, 9#,#$&01!"5&. 4#,
L#,#!"&5&. 15!" %#$ M1,1//#/C$&#*1)$C#& .#"1&4"1%) :#,4#& C1&& NOPQ+
J5, 9#,1&'!"15/$!"5&. 4#' 234#//' :#,4#& I#,'!"$#4#&#  $*5/1)$3&#& 45,!".#0@",)+ 8$#'# :#,A
4#& $& ;%'!"&$)) <+P+R+S 0@, #$&  !"#$%#&'(')#* I3,.#')#//) 5&4 :#,4#& $& ;%'!"&$)) =+>+>+R 0@, 4$#
L#,#!"&5&. 4#, ;&),$#%# 4#' PA8TUAV6$K1C)3,' $* 9#,./#$!" K5 E#W1634 5&4 E#W1./$4# #,&#5)
"#,1&.#K3.#&+
 !" #$%&'()*$+,+-./*0/$1'%& 23* /$% 456785#9:/$;/%-<-+/0
V$& #%#&#' SA8TUAV6$K1C)3,A !"#$%#&'(')#* X;%%+ <+RY %#'$)K) K:#$ '$&.5/F,# Z1.#& X;%'!"&$))
<+SYG I3& 4#&#& '$!" #$&# 1* 71&4 4#' ;,%#$)',15*#' %#ﬁ&4#) 5&4 4$#  !"#$%&'(# 4#, 4,#$  !"#$%#&
41,')#//)+ E$#, C3**) #' %#$ #$&#, D,1\#C)3,$# 4#' ;&/#&C65&C)#'G 4$# I3* J#&),5* 4#'  !"#$%#&A
'(')#*' .#.#& 4#& 71&4 0@",) 5&4 *$) .#.#%#&#, ]#'!":$&4$.C#$) 1%.#01",#& :#,4#& '3//G K5
@%#,.,3ß#& ^$&C#/.#'!":$&4$.C#$)#& 4#,  !"#$%#& %#$ 4#, ;&&F"#,5&. 1& 4$#'# Z1.#+
8$# K:#$)# '$&.5/F,# Z1.# %#ﬁ&4#) '$!" .#&15 $& 4#, 2$))# 4#' ;,%#$)',15*#'+ E$#, C3**) #'
%#$ #$&#, D,1\#C)3,$#G 4$# 1* J#&),5* I3,%#$ 0@",) 5&4 *$) .#.#%#&#, ]#'!":$&4$.C#$) 1%.#01"A
,#& :#,4#& '3//G #%#&01//' K5 #$&#, _%#,"-"5&. 4#, ^$&C#/.#'!":$&4$.C#$)#& 4#,  !"#$%#&+ 8#,
Vﬀ#C) :$,4 5*'3 ')F,C#,G \# &F"#, '$!" 4$#'# D,1\#C)3,$# 1* J#&),5* %#ﬁ&4#)+ L#ﬁ&4#) '$!" 4#,
;&/#&C65&C) .#&15 $& 4#, 2$))# 4#' L#:#.5&.'%#,#$!"' 4#,  !"#$%#&'(')#*#G C1&& #, %#/$#%$.
5* 4#& 2$))#/65&C) ,3)$#,#&+ V' #W$')$#,#& 1/'3 5&#&4/$!" I$#/# Z-'5&.'*-./$!"C#$)#& 4#' $&I#,'#&
C$&#*1)$'!"#& M,3%/#*' 1& 4$#'#,  )#//#+
8$# M,3%/#*1)$C C1&& 45,!" 7#45&41&KG 1/'3 45,!" 4$# ?&)#.,1)$3& I3& :#$)#,#&  !"#$%#& 34#,
]/$#4#,& 5*.1&.#& :#,4#&+ ?& 4#, Z$)#,1)5, '$&4 '3/!"# 6/1&1,#& 21&$65/1)3,#& 1/' )*+'"*,-,!#.,
34#, )*&/)%*,-,!#., %#'!",$#%#& NS=G SaG OaQ+ 8$# V$&0@",5&. :#$)#,#, ]/$#4#, /-') \#43!" 41' M,3A
%/#* 4#,  $&.5/1,$)F)#& &$!") 15)3*1)$'!" 5&4 0@",) K5 &#5#& 5&#,:@&'!")#& Vﬀ#C)#& "$&'$!")/$!"
4#' ]#/#&C'6$#/'G 4#* B3&'),5C)$3&'A 5&4 U#,)$.5&.'150:1&4 '3:$# 4#* M/1)K%#41,0+ 9$#/*#",
#,03,4#,) 4$# #&)')1&4#&# _%#,%#')$**)"#$) 4$# V$&0@",5&. :#$)#,#, 4(&1*$'!"#,G ,#.#/5&.')#!"A
&$'!"#, 34#, *1)"#*1)$'!"#, L#4$&.5&.#&G *$) 4#,#& E$/0# 4$#  $&.5/1,$)F)#& I#,*$#4#& :#,4#&
C-&&#& NS=G >bG R<SG RPbQ+
;/)#,&1)$I C1&& 4$# 7#45&41&KG 4$# 45,!" 4$# .,-ß#,# ;&K1"/ 1& ]/$#4#,& #&)')#")G .#&5)K) :#,A
4#&G 5* E$&4#,&$''# 150 4#, D,1\#C)3,$# 4#' V&4#ﬀ#C)3,' K5 5*.#"#& NSaG RaaQ 5&4 4$# U#,)$.C#$)
#$&#' 21&$65/1)3,' K5 I#,%#''#,&+ 8$# 9#,*#$45&. I3&  $&.5/1,$)F)#& 45,!" ,#45&41&)# C$&#*1A
)$'!"# V/#*#&)# $& U3,* I3& K5'F)K/$!"#& 1C)5$#,)#& ]#/#&C#& $') 15!" 0@, M1,1//#/C$&#*1)$C#&
%#'!",$#%#& NRc=Q+
?* U3/.#&4#& '3// 0@, 4#& V6$K1C)3, 1& #$&#* SA8TUA !"#$%#&'(')#* #$&#  $&.5/1,$)F)'I#,A
*#$45&. %#'!",$#%#& 5&4 '$*5/$#,) :#,4#&+ 8$#'# $') NS=Q #&)/#"&)G 4#ﬁ&$#,) #$& '$&.5/1,$)F)',3A
%5')#' 7#./#,.#'#)K %1'$#,#&4 150 #$&#* 4$# K5* ;&),$#% &-)$.#& 8,#"*3*#&)# %#,#!"&#&4#&
;&'1)K+ ;%%+ <+RR K#$.) #$&  !"#*1 4#, 7#./#,'),5C)5,+ 8#, 7#./#,A;&'1)K #,*-./$!") K5* #$&#&
*34#//%1'$#,)#' L#,#!"&#& 4#, 8,#"*3*#&)#G K5* 1&4#,#& C-&&#& %#$ 4#* I3,/$#.#&4#& ,#45&A
41&)#&  (')#* K5'F)K/$!"# L#4$&.5&.#& 0@, 4$# 8,#"*3*#&)# %#,@!C'$!")$.) :#,4#&+ V' :#,4#&
'3*$) 5&K5/F''$. .,3ß# ^$&C#/.#'!":$&4$.C#$)#& 5&4 8,#"*3*#&)# 4#,  !"#$%#& I#,*$#4#& 5&4
4$# D,1\#C)3,$# *$) 4#, .#:@&'!")#& ]#'!":$&4$.C#$) ,#1/$'$#,)+
 !"!# $%&'()(*+,(-+(
V$&  !"#$%#&'(')#* '#$ %#'!",$#%#& 45,!" 4$# d1C3%$*1),$W X]/+ <+R=bY 5&4 41' 4(&1*$'!"# 234#//
X]/+ <+RPPY+
U@, #$&# I#,#$&01!")# e3)1)$3& '#$
n(ϕj , ϕ˙j) = c(ϕj , ϕ˙j) + v(ϕj , ϕ˙j) + g(ϕj) X<+RPaY
OR
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !" #$%&''!()&(* +,-%.)!( /(0!(12$(1345!%.),-(6-*1!-3 x˙D,j $(6 5!0!(1*!%.),-(6-*1!-3 ϕ˙j
1&(( ,-! 780*3 78"'$0-!"3 ,!"6!(
x¨D,j = J(ϕj)ϕ¨j + ax(ϕj , ϕ˙j), 9:;<=>?
,!(( 6-! @&18A-'&3"-B &$% 50; :;<CD (&.) t 6-ﬀ!"!(+-!"3 ,-"6;
#$%F3+0-.) %!-
ej(t) = xDd,j(t)− xD,j(t) 9:;<=G?
6-! /A,!-.)$(* 6!" H%34I8%-3-8( xD,j J8( 6!" K80028%-3-8( xDd,j 6!% /(0!(12$(13!%;
/(&08* %!-
e˙j(t) = x˙Dd,j(t)− x˙D,j(t). 9:;<LD?
6-! 5!%.),-(6-*1!-3%&A,!-.)$(*;
 &% I"86$13 &$% @&18A-4 $(6 -(J!"%!" M&%%!('&3"-B 9N@&.8A-&(4H(3!"3-&4I"86$.3O PQCR? %!-
Γ := J(ϕ)M(ϕ)−1. 9:;<L<?
#$" S"%3!00$(* !-(!% T!*0!"*!%!3+!% '-3 T8A$%3)!-3 *!*!( 6-! K-(*$0&"-3F3!( 6!% M&(-2$0&38"%
,!"6!( +,!- 5!,-.)3$(*%'&3"-+!( !-(*!7U)"3 $(6 +$(F.)%3 &0% -(J!"%! M&%%!('&3"-B A+,; S-(4
)!-3%'&3"-B 6!ﬁ(-!"3W
Wτ =M(ϕj)
−1
9:;<LQ?
$(6
Wx = E. 9:;<LX?
 &%  !"#$%&'$!()&*+,!-$( ./0$-($ 9 YK4-(J!"%!? @&.8A-&(4H(3!"3-&4I"86$.3 !"*-A3 %-.) 6&((;
'-3 k &0% K1&0-!"$(*%7&138" 7U" 6-!  F'27$(* -( 6!" ZF)! !-(!" %-(*$0F"!( Y&*![ +$ 9\!"0!-3$(*
%-!)! PQCR?W
Γ∗(ϕj) :=W
−1
τ Γ
T
(
ΓW−1τ Γ
T + kW−1x
)−1
. 9:;<L:?
#$" ]!%3-''$(* J8( k ,-"6 !-( M&ß 7U" 6-! ZF)! +$ !-(!" %-(*$0F"!( Y&*! A!(_3-*3; \-!"7U"
,-"6 6&% *!(!"&0-%-!"3! 6`(&'-%.)! M&ß 7U" 6-! M&(_J"-!"A&"1!-3
w :=
√
detΓW−1τ Γ
T . 9:;<LC?
)!"&(*!+8*!(; /(6!"% &0% 6&% &00*!'!-(! M&ß 7U" 6-! M&(_J"-!"A&"1!-3
√
detJJT P<>XR[ 6&% !-(!
"!-( 1-(!'&3-%.)! S-*!(%.)&73 -%3[ A!-()&03!3 w 6-! 6`(&'-%.)! a)&"&13!"-%3-1 6!% M&(-2$0&38"%;
b8"3!-0 6-!%!% b8"*!)!(% -%3[ 6&%% w -( !-(!" K-(*$0&"-3F3 Z$00 -%3 $(6 %-.) UA!" 6-! ]!,!*$(* 6!%
S(6!ﬀ!138"% -' /"A!-3%"&$' %3!3-* F(6!"3;  !" K1&0-!"$(*%7&138" k ,-"6 &0%8
k =
{
k0 (1− w/w0) ∀ w < w0
0 ∀ w ≥ w0
9:;<L=?
,8A!- k0 6!" K1&0-!"$(*%7&138" -( 6!" K-(*$0&"-3F3 -%3 $(6 w0 6-! 5"!(+! 6!" Z&.)A&"%.)&73 +$"
K-(*$0&"-3F3 6!ﬁ(-!"3;
 &% T!*0!"*!%!3+ 9/AA; :;<<? +$" ]!%3-''$(* 6!" /(3"-!A%'8'!(3! τ S 6!" K.)!-A!( 1&(( 6&((
,-! 780*3 78"'$0-!"3 ,!"6!(W
τ S = Γ
∗ {x¨Dd +KV e˙+KPe− ax(ϕ, ϕ˙) + Γn(ϕ, ϕ˙)} − bnd (E− Γ
∗Γ) (bWτ )
−1
ϕ˙. 9:;<LL?
/$ß!")&0A 6!" Z&.)A&"%.)&73 +$ !-(!" K-(*$0&"-3F3 9w ≥ w0? J!")F03 %-.) 6!" T!*0!" ,-! !-(
18(J!(3-8(!00!" c!!64c8",&"64T!*0!" $(6 ,-! A!-%2-!0%,!-%! A!- a"&-* PQLR A!%.)"-!A!(; d-"6 6-!
5"!(+! +$" K-(*$0&"-3F3 e!68.) UA!"%.)"-33!([ ,F.)%3 6!" 6F'27!(6! S-(ﬂ$%% 6!% g!"'%
knd(E− ΓΓ
∗)(bWτ )
−1 · ϕ˙ 9:;<L>?
'-3 knd &0% Z$004T&$'4 F'27$(* %8,-! 6!" S-(ﬂ$%% J8( k -( 50; :;<L:; d!"3! 7U" 6-! I&"&'!3!"
k[ knd $(6 w0 'U%%!( !B2!"-'!(3!00! 86!" '-3 \-07! J8( K-'$0&3-8(!( A!%3-''3 ,!"6!(;
GQ
 !"#$%& '( )#% %"#*! $+,- #.%/!$# 
 !"#$%#
&$'"#$( ) * +
,-./"#$(01
232#'(
kgm2 10−5

 80 0 00 80 0
0 0 150

 10−5

 9.6 0 00 10.7 0
0 0 19.9

 10−5

 0.30 0 00 0.35 0
0 0 1.22


 !""# kg $%&' $%$' $%$&(
)!*# +#" i,
-#. /#0#.1"
m 10−3
[
40 0 0
]
10−3
[
36.5 0 0
]
10−3
[
6.5 0 0
]
2345#678.1- m 10−3
[
4.1 0 6.3
]
10−3
[
9.3 0 6.3
]
10−3
[
2 0 4.9
]
9!:% ;6#4,
9<9#.-
Nm ±50 ±15 ±8
 !"#$$# %&'(  #)*+,-)*# .!/#+ 0#- -,12$,#3/#+ 3#02+0!+/#+ 4)*#,"#+-5-/#1-6 !27"!2#+0 !27 0#3
,1 8+*!+9 "#-)*3,#"#+#+ !2-9#7:*3/#+ ;<+-/32=/,<+&
 !"!#!# $%&'(()*+'&&%*,
.#3 9#>?*$/# @#9$#3 #31A9$,)*/ 0,# B#3#)*+2+9 0#3 7:3 #,+ 8"7!*3#+ #,+#3  3!C#=/<3,# +A/,9#+
.3#*1<1#+/#& .,#-# #37<$9/ 1,/ D,$7# 0#- E<0#$$- 0#3 05+!1,-)*#+ F,9#+-)*!7/#+ 0#- @<"</#3-&
.,# ?2ß#3# @#9$#3-)*$#,7# ,-/ !$- H.I4)*$#,7# !2-9#7:*3/ 2+0 0,#+/ J21 82-9$#,)* K<+ E<0#$$2+I
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Startwerte für die Variablen „Größe 
der S-Systeme“, „Anordnung der S-
Systeme, „Gestaltung des V-
elements“ bzw. „Gestaltung der 
Werkzeugplattform und der 
Stützen“ und „Lage des geforderten 
AR“ definieren.
S-Systeme so verschieben 
bzw. V-Element so ändern, 
dass keine Kollision mehr 
auftritt.
S-Systeme vergrößern bzw. 
verschieben.
Kinematik so ändern, dass 
Gelenkwinkellimits 
eingehalten werden können.
Kinematischen Aufbau 
zentrisch verkleinern.
„Optimale“ Konfiguration 
der kinematischen Variante 
gefunden.
Kollidiert
das V-Element mit
den S-Systemen oder
anderen kinema-
tischen Ele-
menten?
Werden 
die Bewegungsbe-
reiche der S-Systeme
eingehalten?
Werden 
die Winkellimitationen
der Gelenke einge-
halten?
Ist die 
Ausnutzung des Bewe-
gungsbereichs der 
S-Systeme ausrei-
chend?
ja
ja
ja
ja
nein
nein
nein
nein
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B3C3'%&'3& 2".%#"340) >"3 B304E'3 $34 ;/7"./#C3403 $34  &04"3!3 C34$3& /$$"340 %&$ $%4<= 3"&3&
?53"# $/4'3203##0)
|Fmax| = 44.4N /& $34  4!3"024/%.I12"0"1& [0.009,−0.003, 0.129]J $"3 >%4<=2<=&"002:4/50 A!34 /##3
23<=2 ;10143& !304E'0 22.1N ) >34 ./7"./#3 /!21#%03 K3"20%&'2!3$/45 $34 ;10143& !304E'0 2.1W
/& $34  4!3"024/%.I12"0"1& [0.021, 0.015, 0.129]) >"3 $%4<=2<=&"00#"<=3 K3"20%&' A!34 /##3 23<=2
;10143& !304E'0 1.51W )
 !"!"!"!" #$%&'()*+  !!) ()*L F3"'0 $"3 -".%#/0"1&234'3!&"223 5A4 $3& MI"F/:014) >"3 -%..3
$34  !21#%0!304E'3 $34  &04"3!2.1.3&03 "20 A!34 $3&  4!3"024/%. ". N323&0#"<=3& :1&20/&0) >/
O3$1<= $34  %5!/% $34 ;/2<="&3 &"<=0 2@..304"2<= "20J .%22 O3$34  &04"3! '321&$340 !304/<=030
C34$3&)
>"3 ./7"./#3 /!21#%03 ;1.3&0/&514$34%&' 5A4 O3$3& $34 /<=0  &04"3!3 P"& NmQ !304E'0,
 !"#$%& '('  !"#$%& '()  !"#$%& '(*  !"#$%& '(+  !"#$%& )('  !"#$%& )()  !"#$%& )(*  !"#$%& )(+
*)RR *)(R S)TU S)LS S)T( *)(V S)VW S)SV
>"3 ;1.3&0/&514$34%&' 04"00 "& $"3234 X14. &"<=0 /& 3"&34 ?123 ".  4!3"024/%. /%5 21&$34&
230F0 2"<= /%2 $3& ;/7"./#C3403&J $"3 A!34 /##3 -".%#/0"1&3& 3443<=&30 C%4$3& F%2/..3&) >%4<=8
2<=&"002.1.3&0 P"& NmQ 5A4 O3$3& $34 /<=0 ;10143& !304E'0,
 !"#$%& '('  !"#$%& '()  !"#$%& '(*  !"#$%& '(+  !"#$%& )('  !"#$%& )()  !"#$%& )(*  !"#$%& )(+
S)TT *)*T S)L+ S)LS S)RR *)SU S)*T S)SV
>34 ./7"./#3 K3"20%&'2!3$/45 P"& W Q 5A4 O3$3& ;1014 !304E'0,
 !"#$%& '('  !"#$%& '()  !"#$%& '(*  !"#$%& '(+  !"#$%& )('  !"#$%& )()  !"#$%& )(*  !"#$%& )(+
RR)LR V+)T* S VW)LV *L)*W V*)RL S +)L+
>"3 K3"20%&'2/&514$34%&' 04"00 "& $"3234 X14. &"<=0 /& 3"&34 ?123 ".  4!3"024/%. /%5 21&$34&
230F0 2"<= /%2 $3& ;/7"./#C3403&J $"3 A!34 /##3 -".%#/0"1&3& 3443<=&30 C%4$3& F%2/..3&) Y%
!3/<=03& "20J $/22 $/2 $@&/."2<=3 ;1$3## :3"&3 :"&3./0"2<=3 B343<=&%&' $34 -"&'%#/4"0E02Z34.3"8
$%&' "&Z1#Z"340J $/ $"323 /%5 [3'#348M!3&3 43/#"2"340 C"4$) >/2 Z34C3&$303 :"&3./0"2<=3 ;1$3##
:/&& O3$1<= 5A4  &04"3! *)R !FC) V)R :3"&3 N"&:3#'32<=C"&$"':3"0 !343<=&3&J 21$/22 $"3 K3"20%&'28
!343<=&%&' 5A4 $"323&  &04"3! :3"&3& N340 /%2'3!3& :/&&) XA4 $"3 C3"0343& \&0342%<=%&'3& C%4$3
$/=34 5A4 $"3 3&02I43<=3&$3&  &04"3!3 ."0 $3& C3403& $34  &04"3!3 *)V !FC) V)V C3"034 '3/4!3"030)
>%4<=2<=&"002#3"20%&' P"& W Q 5A4 O3$3& $34 /<=0 ;10143& !304E'0,
*UT
 !"#$%& '( )%*+&%#,-%./% 0.$%*10,-0.+ )2. )%*1,-#%/%.%.
 #.%3!$# %.
 !!"#$%&' ()*+, -".%#/0"1&234'3!&"223 $32 56"7/80142) 9"3 :;3"#3 2<.!1#"2"343& $"3 ;=4 $"3 >3?3@
'%&' &A0"'3&  &04"3!2.1.3&03 $34 B/2CD"&3) 9/7% ?34$3& /& $3& "& '4=& $/4'3203##03& :%&803&
".  4!3"024/%. '3.Eß $34 1!3& !32CD4"3!3&3& G14'3D3&2?3"23 >3?3'%&'3& 2".%#"340) 9"3 >304E@
'3 $34 B/H"./#?3403 $34  &04"3!3 ?34$3& /$$"340 %&$ $%4CD 3"&3& :;3"# $/4'3203##0) 52 2"&$ $34
!322343& I!342"CD0#"CD83"0 ?3'3& &%4 $"3 :%&803 3"&34 -CD3"!3 "& $34 B"003 $32  4!3"024/%.32 $/4@
'3203##0) J"34 ?"4$ $3%0#"CDK $/22 "& $"3234 -CD3"!3 $"3 L4E;03 "& $3& E%ß343& >343"CD3& '34"&';='"'
'4Aß34 /#2 "& $34 B"003 2"&$)
 !"#$%& '('  !"#$%& '()  !"#$%& '(*  !"#$%& '(+  !"#$%& )('  !"#$%& )()  !"#$%& )(*  !"#$%& )(+
*M)*N ON)*P N OO)+Q *)+P *Q)PQ N P)+P
 ! "#$#%&'()*+$ R=4 $3& G34'#3"CD $34 $43" B/2CD"&3& %&0343"&/&$34 ?"4$ $"3 ;=4 $3& 3&0@
2643CD3&$ $34 2637"ﬁ7"3403& 9<&/."8 &A0"'3 0D31430"2CD3 B1014./223 !343CD&30) J"347% ?"4$ $/2
2637"ﬁ2CD3 T3?"CD0 $34  &04"3!2.10143& 7% T4%&$3 '3#3'0 U2"3D3 D"347%  &D/&' >)*V) 5"&3 T3@
'3&=!34203##%&' $34 54'3!&"223 73"'0  !!) ()*W)
R=4 $"3 !3" $3& %&0342%CD03& :/4/##3#8"&3./0"83& 3"&'3230703& X"&3/4.10143& '"#0K $/22 $"323
3"&3 2637"ﬁ2CD3 X3"20%&' Y1& +(W/kg U!371'3& /%; 90mm J%!V %&$ 3"&3 2637"ﬁ2CD3 L4/;0 Y1&
ZP)ON/kg U!371'3& /%; N.. J%!K $/ %&/!DE&'"' Y1. J%!V !32"073&)
934 56"7/8014 ?"4$ Y1& 5#38041.10143& /&'304"3!3&K $"3 3"&3 2637"ﬁ2CD3 X3"20%&' Y1& OZNW/kg
U1D&3 T304"3!3K $/ %&/!DE&'"' Y1& $34 [&0342307%&'V %&$ 3"& 2637"ﬁ2CD32 943D.1.3&0 Y1&
Q)ZNm/kg !32"073&)
,-.-.-.-/ 0'123#4 R=4 $3& J3H/61$3& 34'"!0 2"CD 21."0 /%2 $3& ./H) !3&A0"'03&  &04"3!2@
84E;03& U(()PN \3  &04"3!V "& $3& -0=073& 3"& 0D31430"2CD32 B1014'3?"CD0 Y1&
mM,F,max =
6 · 55.7N
47.2N/kg
= 7.1kg U()*WV
]"4$ $"3 !3&A0"'03  &04"3!2#3"20%&' U0.9W \3  &04"3!V !304/CD030K 34'"!0 2"CD
mM,P,max =
6 · 0.9W
85W/kg
= 0.06kg U()ONV
]"4$ $"3 >343CD&%&' /%; $"3 $%4CD2CD&"00#"CD3 L4/;0/&;14$34%&' U38.1NV /&'3?/&$0K 34'"!0
2"CD ;=4 $"3 0D31430"2CD3 B1014./223
mM,F,DS =
6 · 38.1N
47.2N/kg
= 4.84kg U()O*V
!7?)
mM,P,DS =
6 · 0.51W
85W/kg
= 0.04kg U()OOV
*(N
 !"#$%& '( )%*+&%#,-%./% 0.$%*10,-0.+ )2. )%*1,-#%/%.%.
 #.%3!$# %.
 !"" #$! #%&'()'("$**+$'(! ,!$)*%"-)."/0&#!&%"- 10" 0.51W 2!*&.'(*!*  $&#3
4" #!& &!.+$)$!&*!" 50")*&%6*$0" )$"# )!'() 70*0&!" #!) 89:) ;<=>?@AB<C@<AD< #!& E.3 F84
G-H I:&!$*!"2.'(H JK L$* !$"!& 7.A$L.+6&./* 10" 44N M1sNH !$"!& O.%!&6&./* 10" 9N M%"-!6P(+*N
2Q 3 16N M-!6P(+*N %"# !$"!L R! $'(* 10" 383g 2!$ L.A3 90mm K%23 O.) *.*)S'(+$'(! R! $'(*
#!& 1!&2.%*!" 70*0&!" +$!-* Q%).LL!" 2!$ 2298g3 O$! 1!& !"#!*!" 70*0&!" !&&!$'(!" "$'(* #$!
-!/0&#!&*!" 5&S/*!3
70*0&!" #!) K!&)*!++!&)H #$! #!" 5&./*."/0&#!&%"-!" 10" L.A3 55.7N %"# #%&'()'("$**+$'(
38.1N -! .'()!" )$"#H )$"# #$! #!) 89:) ;<=>@TA=?<C?<A=<< L$* 100mm K%2H 122N 7.A$L.+6&./*
M1sNH 30 2Q 3 54N O.%!&6&./* %"# !$"!& 7.))! 10" U! 1200g3 O.) R!).L*-! $'(* #$!)!& P2!&)'(+S-$-
.%)-!+!-*!" 70*0&!" 2!*&S-* 7200g3
 !"!"!"! #$%&'()*$ EP& #$! K!A.-+$#!>5$"!L.*$6 +$!-!" #$! L.A$L.+ 2!"V*$-*!" G"*&$!2)>
6&S/*! 2!$ 44.3N %"# #$! L.A$L.+! G"*&$!2)+!$)*%"- 2!$ 2.1W U! G"*&$!23 I0L$* !&-$2* )$'( #.)
*(!0&!*$)'(! 70*0&-! $'(* Q%
mM,F,max =
6 · 44.3N
47.2N/kg
= 5.6kg MW3?@N
2Q 3
mM,P,max =
6 · 2.1W
85W/kg
= 0.15kg MW3?XN
Y$&# #$! Z!&!'("%"- .%/ #$! #%&'()'("$**+$'(! 5&./*."/0&#!&%"- M22.1NN ."-! ."#*H !&-$2*
)$'( /P& #$! *(!0&!*$)'(! 70*0&L.))!
mM,F,DS =
6 · 22.1N
47.2N/kg
= 2.81kg MW3?WN
2Q 3
mM,P,DS =
6 · 1.51W
85W/kg
= 0.11kg MW3?[N
 !"" #$! #%&'()'("$**+$'(! ,!$)*%"-)."/0&#!&%"- 10" 1.51W 2!*&.'(*!*  $&#3
4" #!& &!.+$)$!&*!" 50")*&%6*$0" )$"# )!'() 70*0&!" #!) 89:) 8(&%)*8%2! L$'&0 ==<? #!& E.3
J0:+!9 J0"*&0+) J0&:3H J."*0"H 7GH \IG L$* !$"!& 7.A$L.+6&./* 10" 19.1N M1sNH !$"!& O.%!&6&./*
10" 3.1N M%"-!6P(+*N 2Q 3 3.8N M-!6P(+*N %"# !$"!L R! $'(* 10" 165.1g 2!$ 95mm K%23 O.)
*.*)S'(+$'(! R! $'(* #!& 1!&2.%*!" 70*0&!" +$!-* Q%).LL!" 2!$ 990.5g3
\L #$! 5&./*."/0&#!&%"-!" 10" L.A3 44.3N %"# #%&'()'("$**+$'( 22.1N L$* 70*0&!" #!)
K!&)*!++!&) Q% !&&!$'(!"H LP))!" #&!$ 70*0&!" #!) 89:) 8(&%)*8%2! L$'&0 ==<B L$* 45.1N 7.A$>
L.+6&./* M=)NH 14.4N 2Q 3 8.8N O.%!&6&./* %"# 246g R! $'(* ." !$"!L ,S%/!& 2!*&$!2!"  !&#!"3
O$!)!& (S**! !$"! ,S"-! 10" 434mm %"# !$" R! $'(* 10" 295g3 O$! -!).L*! 70*0&!"L.))! /P&
!$"! )0+'(! P2!&)'(+S-$- .%)-!+!-*! G"0&#"%"- 2!*&S-* 6198g3
 !"!"!"!+ ,-).&/012 EP& #!" ]:$Q.6*0&  !&#!" #$! G"*&$!2)L0L!"*! 2Q 3 >+!$)*%"-!" .++!&
.'(* G"*&$!2! !2!"/.++) .%/.##$!&*3 ]) !&-$2* )$'( !$" *(!0&!*$)'(!) 70*0&-! $'(* .%) #!& I%LL!
#!& L.A$L.+!" O&!(L0L!"*."/0&#!&%"-!" .++!& G"*&$!2!
∑
Mmax,ji = 7.35Nm 10"^
mM,F,max =
7.35Nm
3.4Nm/kg
= 2.16kg MW3?TN
Y$&# #$! L.A$L.+! ,!$)*%"-)."/0&#!&%"- U! G"*&$!2 ."-!"0LL!" M%"# /P& #$! I'(!$2! =3@ %"#
?3@ #!& Y!&* 10" I'(!$2! =3? 2Q 3 ?3? ."-!"0LL!"N !&-$2* )$'( #.) *(!0&!*$)'(! 70*0&-! $'(* .%)
#!& I%LL! #!& L.A$L.+! ,!$)*%"-)."/0&#!&%"- .++!& G"*&$!2! Q%
∑
Pmax,ji = 170.7W
mM,P,max =
170.7W
233.9W/kg
= 0.73kg MW3?BN
Y!&#!" #$! O%&'()'("$**) !&*!
∑
Mji = 5.43Nm %"#
∑
Pji = 113.3W Q%-&%"#! -!+!-*H +$!-*
#.) *(!0&!*$)'(! 70*0&-! $'(* 2!$
mM,F,DS =
5.43Nm
3.4Nm/kg
= 1.6kg MW3?DN
=W=
 !"#$%& '( )%*+&%#,-%./% 0.$%*10,-0.+ )2. )%*1,-#%/%.%.
 #.%3!$# %.
Motorgewicht der untersuchten Maschinen
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 !!"#$%&' ()*+, -./'#."01 $.2 3454/'.6"0152 $./ $/." %&5./2%015.& 37201"&.&) 8"&92201/7ﬃ./5 $72
3454/'.6"015 7%; $". <="5>.&9/7;5 !.>4'.&) ?.=%&95.5 $72 3454/'.6"015 7%; $". $%/01201&"55#"@
01. A/7;5 !.>4'.&) B.0152201/7ﬃ./5 $72 ?.6"015 94//.95 7%2'.#.'5./ 3454/.& %&$ 9/.%>201/7ﬃ./5
$72 ?.6"015 $./ 5752C01#"01 D./!7%5.& 3454/.&) EF/ $.& G=">7954/ /F1/5 $". H"29/.=7&> >6"201.&
5752C01#"01.I %&$ 51.4/.5"201.I 3454/'.6"015 $71./J $722 #."25%&'2;C1"'./. 3454/.& D./!7%5 6%/@
$.&J 7#2 ;F/ $". G/I"55#%&' $./ H%/01201&"5526./5. 1./7&'.>4'.& 6%/$.&)
!>6)
mM,P,DS =
113.3W
233.9W/kg
= 0.48kg K()LMN
O." $./ <"I%#75"4& $.2 G=">7954/2J $". 7%; $./ O./.01&%&' $./ A"&.I75"9 !./%15J 17!.& "& D./@
201".$.&.& O./."01.& $.2  /!."52/7%I.2 $". <"&'%#7/"5C5.& ."&.& '/4ß.& G"&ﬂ%22) H". 9"&.I75"201.
O./.01&%&' 6%/$. $71./ 24 7&'.2.5>5J $722 "& ."&.I -"./5.# $.2 2"I%#"./5.&  /!."52/7%I.2 9."&.
<"&'%#7/"5C5.& 7%;5/.5.&) H". <"I%#75"4&2./'.!&"22. 6%/$.& $7&& 7%; $.& 94I=#.55.&  /!."52/7%I
.R5/7=4#"./5)
S& $./ /.7#"2"./5.& A4&25/%95"4& 2"&$ 7015 3454/.& $.2 TU=2 LV(W $./ E7) E7%#17!./ ?I!X
Y Z4) A?J <01[&7"01J H I"5 ."&.I 37R"I7#I4I.&5 D4& 0.531Nm K1sNJ ."&./ H7%./$/.1I4I.&5
D4& 0.070Nm K%&'.9F1#5N %&$ ."&.I ?.6"015 D4& 242g D4/'.2.1.&) H". 3454/.& 6"/9.& I"5 ."&./
\&5./2.5>%&' D4& 12.1 : 1 7%; $". <01."!.& !>6) $./.&  &5/".!2/"&'.) H72 5752C01#"01. ?.6"015
$./ D./!7%5.& 3454/.& %&$ ?.5/".!. #".'5 >%27II.& !." 1936g) H".2. 3454/.& 2"&$ 7%2/."01.&$
257/9 7%2'.#.'5) H72 3454/'.6"015 #".'5 %&5./ $.I 51.4/.5"201 &[5"'.&J $7 $".2.2 7%; $.I H%/01@
201&"552'.6"015 D./201".$.&./ 3454/.& !./%15)
 !"!"!# $%&'(()*+'&&%*,
EF/ 7##. %&5./2%015.& 37201"&.& >."'5 2"01J $722 $72 .&52=/.01.&$ $./ 2=.>"ﬁ>"./5.& HU&7I"9 $./
37201"&.& &[5"'. 3454/'.6"015 $.%5#"01 D4& $./ A/7;5@ !>6) 34I.&5.&7&;4/$./%&' !.25"II5
6"/$) H72 5752C01#"01. 3454/'.6"015 $./ >6." 7%; ^7/7##.#9"&.I75"9.& !72"./.&$.& 37201"&.& #".'5
$.%5#"01 %&5./ $.IJ 6.#01.2 "I B71I.& $./ <"I%#75"4&.& !./.01&.5 6%/$.)  %01 #".'.& $". 8."2@
5%&'2$75.& $./ 5752C01#"01 "& $.& ^7/7##.#9"&.I75"9.& D./!7%5.& 3454/.& $.%5#"01 %&5./ $.& ."@
'.&5#"01 &[5"'.&) H".2 /F1/5 $71./J $722 !." $./ A4&25/%95"4& $". <"I%#75"4&2$75.& &401 &"015 >%/
*(V
 !"#$%& '( )%*+&%#,-%./% 0.$%*10,-0.+ )2. )%*1,-#%/%.%.
 #.%3!$# %.
 !"#$%&'% ()*'+!' &'+ *&# ,"#*-"&'%(.!")! /&"$01%!%"2ﬀ!' .!"+!' 4&(()!5 62!( #$-") +*/&7 +*((
+2!(! 8!2+!' 9*(0-2'!' +2! 2' :8(0-'2)) ;5<5; +!ﬁ'2!")!' +>'*42(0-!' ?@!/2ﬁ1*)2A'!' '20-) *'
*BB!' ?)!BB!' +!( %!#A"+!")!' :"8!2)("*&4!( !"#$BB!' 1C''!'5
D$" +!' ,@2/*1)A" %2B)7 +*(( *&#%"&'+ +!" E!+&'+*'/ 2' +!' /.!2 ?0-!28!'(>()!4!' &'+ +!"
"!(&B)2!"!'+!' F8!"8!()244&'% +*( 2'G!"(! +>'*42(0-! 9A+!BB7 .!B0-!( *&# +!" H2'!4*)21 8*(2!")7
#$" I!.!2B( !2'! +!" ?0-!28!' 1!2'! J2'1!B%!(0-.2'+2%1!2) 8!"!0-'!' 1*''5 62!( #$-") +*/&7 +*((
+2! *BB%!4!2'! K!/2!-&'% /&" K!"!0-'&'% +!" 4!0-*'2(0-!' L!2()&'% P =M · ω #$" ω = 0→ P =
0 !"%28)5 D$" +2! K!()244&'% +!" 9A)A"%!.20-)! .&"+! +*-!" #$" +!' :')"2!8 +2!(!" ?0-!28!'
+2! L!2()&'% +!" I!.!2B( 2' +!" 12'!4*)2(0-!' H!))! GA"-!"2%!' ?0-!28! *'%!'A44!'5 D$" +2!
M!%!'$8!"()!BB&'% 2() +2!( I!+A0- GA' &')!"%!A"+'!)!" J20-)2%1!2)7 +* +*( 9A)A"%!.20-) GA' +!"
6"!-4A4!')*'#A"+!"&'% 8!()244) .2"+7 +2! !2'+!&)2% 8!"!0-'!) .!"+!' 1*''5
6!" ,@2/*1)A" 8!'C)2%) '&" !).* ;NO +!( 9A)A"%!.20-)( +!( P!Q*@A+( &'+ '&" !).* RNO
+!( P!Q*%B2+!S:&#8*&(7 .!'' +2! 9*Q24*B1"T#)! /& M"&'+! %!B!%) .!"+!'5 J!"+!' +2! 9A)A"!'
(A *&(%!B!%)7 +*(( (2! #$" +2! +&"0-(0-'2))B20-!' :'#A"+!"&'%!' *&("!20-!' &'+ (A42) GA' +!'
?@2)/!'S:'#A"+!"&'%!' U1&"/#"2()2%V $8!"B*()!) .!"+!'7 8!'C)2%) +!" ,@2/*1)A" '&" !).* !2' 6"2)S
)!B +!( 9A)A"%!.20-)( +!( P!Q*@A+!' &'+ <WO G!"%B20-!' 42) +!" *&# +!" P!Q*%B2+!SH2'!4*)21
8*(2!"!'+!' 9*(0-2'!5
 !"!"! #$%&'()(
X2!B +!" Y')!"(&0-&'% .*" !(7 +2! +>'*42(0-!' 9A+!BB! +"!2!" 9*(0-2'!' /& G!"%B!20-!'5 62!( 2()
I!+A0- +2"!1) '20-) 4C%B20-7 +* /.!2 +!" 9*(0-2'!' Z*"*BB!B12'!4*)21!' (2'+7 +2! 42) L2'!*"*'S
)"2!8!' *1)&2!") .!"+!' &'+ +!" +"2))! :&#8*& "A)*)A"2(0-! :')"2!8! G!".!'+!)5 ,( .&"+! +*-!"
+!" Y4.!% %!.T-B)7 +2! H"*#)S 8/.5 9A4!')!'*'#A"+!"&'%!' +!" 9*(0-2'!' 42) P2B#! +!( (@!S
/2ﬁ(0-!' L!2()&'%(%!.20-)( +!" :')"2!8! /& &')!"(&0-!'5 6*(  A"%!-!' (0-!2') %!"!0-)#!")2%)7 +*
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 !" !# $%
 !!
 !"#!$ %
 !" #$%&'($) *)+ ,-&(./$)
 !" #$% &'()"%) #*'$+&%,-) ./#)00 #)% 1234 212'/'%&'56278&9$:;/"% <9=> #)+ )&')% ?,-)&<)'2
%*%;)+%
τ =M (ϕ) ϕ¨ + c (ϕ, ϕ˙) + v (ϕ, ϕ˙) + g (ϕ)
=)"#)' ()"%,-&)#)') .$;"&9)' 6'# @):;/")' <)"),-');A #)")' B6%%,-")&<6'5 &+ C)D; #)' E$-2
+)' 96 %8")'5)' #"/-;>
M (ϕ) &%; #&) F')";&$02 /#)" .$%%)'+$;"&D )&')% ?,-)&<)'%*%;)+%> ?&) =&"# &+ +$;0$<2G/#) H!"
)&' I2?,-)&<)'%*%;)+ +&; J  ")&-)&;%5"$#)'A =&) )% H!" #&) 7';=&,:06'5 #)% %&'560$"&;K;%"/<6%;)'
E)50)"% $'5)=$'#; =&"#A =&) H/05; '/;&)";L
 !!"#$%&''($!&''($'&''(%)*+'!) ')$,*-.'/)0'1%)*+%%) %)*23-.%/)0%(
%)*+%!) %)$,*-.%/)0%1%)*+'%) ')*23-.'/)0'($,*-.'/4%) ')$,*-.%/4%)0%4%(
*23-.'/4%) ')*23-.%/4%)0%4%(*23-.'/4%) ')$,*-.%/4%)0%4%(
%)0')*23-.'/4%) ')$,*-.%/)0%(%)0')$,*-.'/4%) ')$,*-.%/)0%1
%)*+'%) ')$,*-.'/)*23-.%/)0%1%)*+'%) ')*23-.'/)$,*-.%/)0%(
$,*-.'/4%) ')*23-.%/4%)0%4%(*23-.'/4%) ')0'4%1%)*+'!) ')*23-.'/)
*23-.%/)0%(%)*+'!) ')$,*-.'/)$,*-.%/)0%(*+'!4%) '(*+'%4%) '(*+%!4%)
 %(*+%%4%) %(*+!!4%) !(*+!%4%) !($,*-.'/4%) ')0'4%( %)*23-.%/4%)0%4%(
 %)$,*-.%/4%)0%4%56
 !%"#$%&''1%)*+'%) ')*23-.'/)0'(*+%%4%) %1*+%%) %)*23-.%/)0%(*+%!4%) %1
*+'%) ')*23-.'/)$,*-.%/)0%1*+'%) ')$,*-.'/)*23-.%/)0%(*+'%4%) '1
*+'!) ')*23-.'/)*23-.%/)0%($'&''(0')*23-.'/4%) ')$,*-.%/)0%(
*23-.'/4%) ')0'4%(0')$,*-.'/4%) ')$,*-.%/)0%(*+'!4%) '(
*+'!) ')$,*-.'/)$,*-.%/)0%($,*-.'/4%) ')0'4%(%
)*+'!) ')$,*-.'/)0'(*+%!) %)$,*-.%/)0%56
 !'"#*+'!) ')$,*-.'/)0'($'&''1*+'%) ')$,*-.'/)*23-.%/)0%1
*+'%) ')*23-.'/)0'(*+'%4%) '(*+'!4%) '(*+'!) ')$,*-.'/)$,*-.%/)0%1
*+'%) ')*23-.'/)$,*-.%/)0%1*+'!) ')*23-.'/)*23-.%/)0%56
 %!"#$%&''1%)*+'%) ')*23-.'/)0'(*+%%4%) %1*+%%) %)*23-.%/)0%(
*+%!4%) %1*+'%) ')*23-.'/)$,*-.%/)0%1*+'%) ')$,*-.'/)*23-.%/)0%(
*+'%4%) '1*+'!) ')*23-.'/)*23-.%/)0%($'&''(0')*23-.'/4%) ')$,*-.%/)0%(
*23-.'/4%) ')0'4%(0')$,*-.'/4%) ')$,*-.%/)0%(*+'!4%) '(
*+'!) ')$,*-.'/)$,*-.%/)0%($,*-.'/4%) ')0'4%(%)*+'!) ')$,*-.'/)0'(
*+%!) %)$,*-.%/)0%56
 %%"#1%)*+'%) ')*23-.'/)0'(*+%!4%) %(*+%%4%) %($%&''(
%)*+'!) ')$,*-.'/)0'($'&''($,*-.'/4%) ')0'4%(*23-.'/4%) ')0'4%(
*+'%4%) '(*+'!4%) '56
 %'"#*+'!4%) '1*+'%) ')*23-.'/)0'($'&''(*+'!) ')$,*-.'/)0'(
*+'%4%) '56
MNO
 !" !# $%
 !"#$%&!"' !'()%*+!,'-!.(!/!!0%&!1' !'()%*+!,'%23*+1,'-10
%&!1' !'%23*+!,'-!.%&!141' !.%&!"41' !.%&!"' !'()%*+!,'()%*+1,'-10
%&!1' !'%23*+!,'()%*+1,'-10%&!"' !'%23*+!,'%23*+1,'-156
 !1#$%&!"41' !0%&!1' !'%23*+!,'-!.(!/!!.%&!"' !'()%*+!,'-!.%&!141' !56
 !!#$%&!141' !.(!/!!.%&!"41' !56
7#$ ""8  "18  "!6  1"8  118  1!6  !"  !18  !!5
 !"#$ %$& 'spij ' ($# j)&# *!!+($,-&# (#+ i)&#, ./0#$"# 1,( 'cimn' (#+ 2$,&+-3 (#+ m−&#, 4#$5# (#+
n−&#, .6-5&# (#7 8+930#$&7&#,7!+7 (#+ i−&#, ./0#$"# $7&: .! !05 ./0 #+61,;&7;!!+($,-&# -57 -1/0
8+930#$&7&#,7!+ "#+</;7$/0&$3#, ,#"#, (#, ./0#$"#, -1/0 (#+#, =,&+$#"7)4-0,+$,3#:
><+ #$, ./0#$"#,7?7&#% %$& @ >+#$0#$&73+-(#, 1,( @ ./0#$"#,A  $# #7 $% B+!&!&?6#, C %-5
D#+"-1&  $+(A "#+#/0,#& 7$/0 ($# E-77#,%-&+$F %$& (#, -,-5!3 D#+ -,(&#, G-+$-"5#,  $# H!53&I
 ""#$*(1/!!. 1'()%*+1,41'-141. 1'%23*+1,41'-141.
 !'%23*+!,41'-!4101'%&!"' !'%23*+!,'%23*+1,'-1.
 !'()%*+!,41'-!41.%&1"41' 1.%&1141' 1.%&""41' ".
%&"141' "01'%&!1' !'%23*+!,'-!.1'-!' !'()%*+!,41'
()%*+1,'-1.1'-!' 9'()%*+9,41'()%*+!,41'()%*+1,'-1.
1'-!' 9'%23*+9,41'()%*+!,41'()%*+1,'-1. !'%23*+!,41'
%23*+1,41'-141.1'%&1"' 1'()%*+1,'-1.
 9'()%*+9,41'%23*+!,41'-!41.1'-!' 9'()%*+9,41'%23*+!,41'()%*+1,'-1.
1'-!' !'%23*+!,41'()%*+1,'-1. 9'%23*+9,41'()%*+!,41'
%23*+1,41'-14101'%&!1' !'%23*+!,'()%*+1,'-1. 9'%23*+9,41'
()%*+!,41'-!41. 9'%23*+9,41'%23*+!,41'-!41. 9'()%*+9,41'
()%*+!,41'%23*+1,41'-141. !'%23*+!,41'()%*+1,41'-141. 9'
%23*+9,41'%23*+!,41'()%*+1,41'-141. 9'%23*+9,41'()%*+!,41'
()%*+1,41'-141. 9'%23*+9,41'%23*+!,41'%23*+1,41'-141.
 9'()%*+9,41'%23*+!,41'()%*+1,41'-141. 9'()%*+9,41'%23*+!,41'
%23*+1,41'-141. 9'()%*+9,41'()%*+!,41'()%*+1,41'-141.1'%&!"'
 !'()%*+!,'()%*+1,'-1. !'()%*+!,41'()%*+1,41'-14101'%&!1' !'
()%*+!,'%23*+1,'-1. !'()%*+!,41'%23*+1,41'-141.("/!!.%&!"41' !.
%&!141' !.(9/!!. 9'()%*+9,41'()%*+!,41'-!4101'%&11' 1'%23*+1,'-1.
1'-!' 9'%23*+9,41'%23*+!,41'()%*+1,'-1.1'%&!"' !'()%*+!,'-!.(!/!!,56
 "1#$*(1/!!. !'%23*+!,41'-!410%&!"' !'%23*+!,'%23*+1,'-1.
 !'()%*+!,41'-!41.%&1"41' 1.%&1141' 101'%&!1' !'%23*+!,'-!.
-!' !'()%*+!,41'()%*+1,'-1.-!' 9'()%*+9,41'()%*+!,41'()%*+1,'-1.
-!' 9'%23*+9,41'()%*+!,41'()%*+1,'-1.%&1"' 1'()%*+1,'-1.
 9'()%*+9,41'%23*+!,41'-!41.-!' 9'()%*+9,41'%23*+!,41'()%*+1,'-1.
-!' !'%23*+!,41'()%*+1,'-10%&!1' !'%23*+!,'()%*+1,'-1.
 9'%23*+9,41'()%*+!,41'-!41. 9'%23*+9,41'%23*+!,41'-!41.
%&!"' !'()%*+!,'()%*+1,'-10%&!1' !'()%*+!,'%23*+1,'-1.%&!"41' !.
%&!141' !.(9/!!. 9'()%*+9,41'()%*+!,41'-!410%&11' 1'%23*+1,'-1.
-!' 9'%23*+9,41'%23*+!,41'()%*+1,'-1.1'%&!"' !'()%*+!,'-!.(!/!!,56
 "!#$*%&!"' !'()%*+!,'()%*+1,'-10%&!1' !'()%*+!,'%23*+1,'-10
%&!"' !'%23*+!,'%23*+1,'-1.(!/!!.%&!141' !.%&!"41' !.(9/!!0
%&!1' !'%23*+!,'-!.%&!"' !'()%*+!,'-!0%&!1' !'%23*+!,'()%*+1,'-1,56
 "9#$(9/!!56
 1"#$* !'()%*+!,41'-!41.-!' 9'%23*+9,41'%23*+!,41'()%*+1,'-1.
-!' 9'%23*+9,41'()%*+!,41'()%*+1,'-1.-!' 9'()%*+9,41'
%23*+!,41'()%*+1,'-10%&!"' !'%23*+!,'%23*+1,'-1.-!' !'()%*+!,41'
()%*+1,'-1.-!' !'%23*+!,41'()%*+1,'-10%&11' 1'%23*+1,'-10
JKL
 !" !# $%
 !"#$%"$&' ()"*$ +,()#*$-#. !"#$%"$ +,()"*$&' ()#*$-#/
 !"0$%"$&' ()"*$&' ()#*$-#/#$ !"0$%"$&' ()"*$-"/ !#01#$%#/
 !##1#$%#/ !"01#$%"/%"$ +,()"*1#$-"1#/&#2""/&32""/&"2""/
%3$&' ()3*1#$&' ()"*1#$-"1#/%3$ +,()3*1#$ +,()"*1#$-"1#/
%3$&' ()3*1#$ +,()"*1#$-"1#/%3$ +,()3*1#$&' ()"*1#$-"1#/
 !#0$%#$&' ()#*$-#.#$ !"#$%"$ +,()"*$-"/-"$%3$&' ()3*1#$
&' ()"*1#$&' ()#*$-#/ !"#1#$%"*45
%##67(%3$ +,()3*1#$ +,()"*1#$-"1#/ !#01#$%#/ !##1#$%#/
%"$&' ()"*1#$-"1#/&32""/#$ !"0$%"$&' ()"*$-"/%3$ +,()3*1#$
&' ()"*1#$-"1#.#$ !"#$%"$ +,()"*$-"/&"2""/%"$ +,()"*1#$-"1#/
 !"#1#$%"/ !"01#$%"/&#2""/%3$&' ()3*1#$ +,()"*1#$-"1#/
%3$&' ()3*1#$&' ()"*1#$-"1#*45
%#"67(. !"#$%"$ +,()"*$-"/ !"01#$%"/&32""/ !"#1#$%"/ !"0$
%"$&' ()"*$-"/&"2""*45
%#367&32""45
%"067(. !"#$%"$ +,()"*$-"/ !"01#$%". !"#$%"$ +,()"*$
&' ()#*$-#/&32""/&"2"". !"#$%"$&' ()"*$ +,()#*$-#/ !"0$%"$
&' ()"*$-"/ !"#1#$%". !"0$%"$ +,()"*$ +,()#*$-#/
 !"0$%"$&' ()"*$&' ()#*$-#*45
%"#67(. !"#$%"$ +,()"*$-"/&32""/ !"01#$%"/ !"0$%"$&' ()"*$-"/
 !"#1#$%"/&"2""*45
%""67(&32""/&"2""/ !"01#$%"/ !"#1#$%"*45
%"367&32""45
%3067&32""45
%3#67&32""45
%3"67&32""45
%3367&32""45
867%009 %0#9 %0"9 %035 %#09 %##9 %#"9 %#35 %"0 %"#9 %""9
%"35 %309 %3#9 %3"9 %3345
c (ϕ, ϕ˙)  !" #$% &$'"(% #$% )$*"% +$",-. /*# 0(% (- !'%12"$ /*# ',** 3 $ 2(-4" *(" $%" 3$%#$*5
:067-#$&' ()#*$ +,()"*$%"$ !"0$)!#1#.-#$&' ()#*$ +,()"*$%"$ !"0$)!"1#.
#$-#$&' ()#*$&' ()"*$%"$ !"#$)!#$)!".-#$&' ()#*$&' ()"*$%"$ !"#$)!"1#/
#$-#$ +,()#*$ +,()"*$%"$ !"#$)!0$)!#/#$-#$ +,()#*$ +,()"*$%"$ !"#$)!0$)!".
#$-#$ +,()#*$&' ()"*$%"$ !"0$)!0$)!#.#$-#$ +,()#*$&' ()"*$%"$ !"0$)!0$)!".
#$-#$ +,()#*$&' ()"*$%"$ !"0$)!#$)!"/#$-#$ +,()#*$ +,()"*$%"$ !"#$)!#$)!".
#$-#$ +,()#*$ +,()"*1#$%"$-"$)!0$)!#.-#$&' ()#*$&' ()"*$%"$ !"#$)!#1#.
#$-#$&' ()#*$%#$ !##$)!0$)!#.#$-#$&' ()#*$ +,()"*$%"$ !"0$)!0$)!#.
#$-#$&' ()#*$ +,()"*$%"$ !"0$)!0$)!".#$-#$&' ()#*$ +,()"*$%"$ !"0$)!#$)!".
#$-#$&' ()#*$&' ()"*$%"$ !"#$)!0$)!#.#$-#$&' ()#*$&' ()"*$%"$ !"#$)!0$)!".
-#$&' ()#*$%#$ !##$)!#1#.#$-"$&' ()"*$%"$ !"#$)!0$)!".
#$-"$&' ()"*$%"$ !"#$)!#$)!".-"$&' ()"*$%"$ !"#$)!"1#.
-"$ +,()"*$%"$ !"0$)!"1#.#$-"$ +,()"*$%"$ !"0$)!0$)!".
#$-"$ +,()"*$%"$ !"0$)!#$)!".#$-#$ +,()#*$%#$ !#0$)!0$)!#.
-#$ +,()#*$ +,()"*1#$%"$-"$)!#1#/-#$ +,()#*$ +,()"*$%"$ !"#$)!"1#.
-#$ +,()#*$%#$ !#0$)!#1#.#$-#$ +,()#*$&' ()"*1#$%"$-"$)!0$)!#.
-#$ +,()#*$&' ()"*1#$%"$-"$)!#1#.-#$ +,()#*$&' ()"*$%"$ !"0$)!"1#.
-#$ +,()#*$&' ()"*$%"$ !"0$)!#1#/-#$ +,()#*$ +,()"*$%"$ !"#$)!#1#45
676
 !" !# $%
 !"#$%&!'(&')*$+,&-')*$+,!-',%./!'0!1$%&.'(&')*$+,&-'$23+,!-',%./!'0!1
0&')*$+,&-/!'(&'$23+,!-',%./!'0!4$%&!'(&'$23+,&-'$23+,!-',%./!'0!1
$%!.'(!'$23+,!-',%./!'0!1$%!!'(!')*$+,!-',%./!'0!1
0&'$23+,&-/!'(&'$23+,!-',%./!'0!1
$%&.'(&'$23+,&-')*$+,!-',%./!'0!4!'0&')*$+,&-'(&'$%&!',%.',%&4
!'0&')*$+,&-'(&'$%&!',%!',%&40&')*$+,&-'(&'$%&!',%&/!4
0&'$23+,&-'(&'$%&.',%&/!4!'0&'$23+,&-'(&'$%&.',%.',%&4
!'0&'$23+,&-'(&'$%&.',%!',%&56
 &"#$%&!'(&')*$+,&-')*$+,!-',%./!'0!1$%&.'(&')*$+,&-'$23+,!-',%./!'0!4
$%&!'(&'$23+,&-'$23+,!-',%./!'0!1!'$%&!'(&')*$+,&-'0&',%.',%!1
!'$%&.'(&'$23+,&-'0&',%.',%!1$%&.'(&'$23+,&-'0&',%!/!1
$%&.'(&'$23+,&-'0&',%./!1$%&.'(&'$23+,&-')*$+,!-',%./!'0!1
$%&!'(&')*$+,&-'0&',%!/!1$%&!'(&')*$+,&-'0&',%./!56
 "# .6  !6  &56
v (ϕ, ϕ˙)  !" #$% &$'"(% #$% )$ *+,(-$."$/ 0 $ )$ *1.2 31%#$ 45! 6 !'(!$ )$ *1.2 -(#$55 $%"/
78% # $ )$ *-(-$."$ 2 5" #$-.49:;
v (ϕ, ϕ˙) = µR,C · ϕ˙
g(ϕ˙  !" #$% &$'"(%< #$% #$. = .ﬂ1!! #$% ?$3 9:"!'%4@" *$!9:%$ *"/
7"#7&")*$+,.1,!1,&-'$%&.'(&6 )*$+,.1,!- '+(!'$%!.1(&'0!-6
)*$+,.-'+(.'$%..1+(!1(&-'0.-56
0 $ A4'(* -4"% B $ .$! C+0D7 E9:$ *$.!F!"$-!  !"
J(ϕ) =
[
−l1 sin (ϕ1) − r2 sin (ϕ1 + ϕ2) − r3 sin (ϕ1 + ϕ2 + ϕ3) r2 sin (ϕ1 + ϕ2) − r3 sin (ϕ1 + ϕ2 + ϕ3) −r3 sin (ϕ1 + ϕ2 + ϕ3) 0
r1 cos (ϕ1) − r2 cos (ϕ1 + ϕ2) − r3 cos (ϕ1 + ϕ2 + ϕ3) −r2 cos (ϕ1 + ϕ2) − r3 cos (ϕ1 + ϕ2 + ϕ3) r3 cos (ϕ1 + ϕ2 + ϕ3) 0
0 0 0 1
]
0 $ A4'(* -4"% B $ .$! %$#1.#4."$. G+0D7 E9:$ *$.!F!"$-!  !"
J =
[
−r1s(ϕ1) − r2s(ϕ1 + ϕ2) − r3s(ϕ1 + ϕ2 + ϕ3) −r2s(ϕ1 + ϕ2) − r3s(ϕ1 + ϕ2 + ϕ3) −r3s(ϕ1 + ϕ2 + ϕ3)
r1c(ϕ1) + r2c(ϕ1 + ϕ2) + r3c(ϕ1 + ϕ2 + ϕ3) r2c(ϕ1 + ϕ2) + r3c(ϕ1 + ϕ2 + ϕ3) r3c(ϕ1 + ϕ2 + ϕ3)
]
0 $ 4*2$5$ "$"$ A4'(* -"4% B $%2 *" ! 9: H1
J˙ =
[
− (r1c(ϕ1) − r2c(ϕ1 + ϕ2) − r3c(ϕ1 + ϕ2 + ϕ3)) ϕ˙1 (−r2c(ϕ1 + ϕ2) − r3c(ϕ1 + ϕ2 + ϕ3)) ϕ˙2 (r3c(ϕ1 + ϕ2 + ϕ3)) ϕ˙3
−r1s(ϕ1) − r2s(ϕ1 + ϕ2) − r3s(ϕ1 + ϕ2 + ϕ3)ϕ˙1 (−r2s(ϕ1 + ϕ2) − r3s(ϕ1 + ϕ2 + ϕ3)) ϕ˙2 (−r3s(ϕ1 + ϕ2 + ϕ3)) ϕ˙3
]
IJG
